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Preface

The aim of these Lectures Notes is to provide a gentle introduction to the theory of
gradient flows in metric spaces developed in the first part of the book of Ambrosio-Gigli-
Savaré [AGS]. In contrast to [LN1] we do not use the notion of (local) slope of a functional
defined on a metric space. As in [LN1] we use “Crandall-Liggett” type estimates. This
approach is somewhat simpler than the one used in [AGS] but it does not give the optimal
rate of convergence of the approximation scheme obtained in [AGS].

The main result of these notes, Theorem 4.1 is a special case (o = 0; in [AGS]: A = 0)
of a result of [CD2]. Also in these notes we use recent results of [CD1] which simplify the
approach of [LN1]. For the sake of completeness we give the corresponding estimates of
Crandall-Liggett [CL71] when the operator A is m-accretive in a Banach space (X, || - ||).

The main difference between the two cases, (X, || - ||) Banach space and the situation
of Theorem 4.1 is that the “resolvent” operators J;, are contractive in the accretive case
but not (in general) under the assumptions of Theorem 4.1. Finally it should be observed
that if X is a real Hilbert space and the function ¢: X — (—o0,00] is proper, lower
semicontinuous and convex, then, the subdifferential d¢ is m-accretive, hence the first
approach can be used, and the function ¢ satisfies the assumption (A) of Theorem 4.1,
providing another approach to the same problem. Combining Lemma 3.2, Proposition 3.1
and Theorem 4.1, one obtains the existence and uniqueness part of the proof of Theorem
4.0.4 of [AGS] as well as other properties of solutions to the evolution variational inequality

(4.0.13) of [AGS].
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1 An “Evolution Variational Inequality” on a metric
space

The aim of this section is to introduce an evolution variational inequality (EVI) on a
metric space which will be the main subject of these notes. We motivate the definition
by means of two examples. We consider in Section 1.1 a gradient flow in RY with the
euclidean metric and in Section 1.2 a “heat flow” in L?*(R"). We show in both cases that
the corresponding solutions satisfy (EVI). In this reformulation of the problem, the linear
structure is not used. In Section 1.3 the definition of a solution to (EVI) is given and
in Section 1.4 we prove an a priori estimate which among other things guarantees the
uniqueness for the corresponding initial value problem.

1.1 Gradient flows in RY

Let H := RY with the euclidean metric and let ¢ : RY — R be differentiable. We consider
the differential equation

(DE) ilt) = ~Vo(ulr), te
where J is an open interval of R, @(t) := Lu(t) and
e ()
Vo(x) = : , z€RV.
o ()

A solution of (DE) is a function u : J — RY which is differentiable and satisfies (DE).
Moreover

(11)  Looult) = (Vo(u(w),u(t) = ~|[Voun)| = 0]’ <0, te

hence ¢ o u is nonincreasing on J.
In this section we require in addition that V¢ is Lipschitz continuous. We recall

Definition 1.1. Let (X;,d;), i = 1,2, be two metric spaces and let F': X; — X5. The
map F' is called Lipschitz continuous if there exists M > 0 such that

(1.2) dy(F(x), Fy)) < Mdy(z,y)

for every z,y € Xj.

If X; = Xy, the map F is called a contraction (in X;) when M = 1 and a strict
contraction (in X;) when M < 1. The smallest constant for which (1.2) holds will be
denoted by [F]rip.

Remark 1.1. For any Lipschitz continuous map F' we have

dy(F (), F(y))
dl(xay)

(1.3) [F]Lip:sup{ cx,y € Xy, x#y}



For any map F' : X; — X, we can take the RHS (right-hand side) of (1.3) as the defi-
nition of [F|r,. So F' is Lipschitz continuous (notation: F' € Lip(X;, X»)) iff [F]pip < oo.

Returning to (DE), with [V¢]u, < 0o, we recall the following global existence and
uniqueness theorem. For every xy € RY, there exists a unique solution u of (DE) on
J = R such that u(0) = zo.

We shall show that any solution of (DE) satisfies an evolution variational inequality
on X = R" involving only the metric of RY and not its linear structure.

We proceed in 5 steps.

Step 1. “V¢ is quasi-monotone”.

Definition 1.2. Let (H,(,)) be a real Hilbert space and D(A) be a nonempty subset
of H. A map (operator) A: D(A) C H — H is called monotone if

(1.4) (Ar — Ay,x —y) >0 forall x,ye€ D(A),

and quasi-monotone if there exists o € R such that A — o is monotone, equivalently
(1.5) (Azx — Ay, —y) > alz —y|* forall z,y¢c D(A).

If o in (1.5) can be chosen positive then A is called strongly monotone.

Setting

7 —y]?

(1.6) a(F) = inf{ .2,y € D(A), © # y}

(possibly —oco) we see that A is quasi-monotone iff «(F) > —oo, and A is monotone iff
a(F) > 0.
Finally we observe that if F': H — H is Lipschitz continuous, then

(F(z) = F(y),z —y) > —|F(z) = F(y)| |z —y| > =[Fluplz —yI*, 2,y € H;
hence
(1.7) a(F) > —[Flup

and F' is quasi-monotone, since F' — I is monotone for every § < a(F).
Step 2. “¢ is quasi-convex”.
In view of Step 1 there exists o € R such that V¢ — o is monotone. Setting

(1.8) e(z) = iz* for zeRY

and noticing that Ve(z) = z, x € RY, i.e. Ve = I, the identity in RY, we see that
V(p —ae) = Vo —aVe = V¢ — al is monotone.
Set

(1.9) Y= ¢ — ae,

then ¢ : RY — R is differentiable and V1) is monotone, hence v is convex as a consequence
of the following lemma.

Lemma 1.1. Let ¢ : RY — R be everywhere differentiable with Vi) monotone. Then 1)
18 CONVEL.



Proof. Let V4 be monotone and let z,y € RV, t € R. Set
a(t) = P((1 =)z +ty) — (1 = t)(x) — t(y).
Then «(0) = (1) = 0 and o is differentiable,
o (t) = (Vi((1 =)z + ty),y — ) + ¥(z) — P(y).
Let t; < to. Observe that [(1 —to)z + toy] — [(1 — t1)x + t1y] = (t2 — t1)(y — x). We have
o (tz) = o/ (tr) = (Vi (1 = t2)x + tay) = VO((1 = 1)z + try),

[(1 = ta)ar + tay] — [(1 — ) + y]) - > 0.

to —t1

Hence o/ is nondecreasing. If a had a positive maximum & € (0, 1), then o/(§) = 0 and
in view of the mean value theorem « would be nonincreasing for t < ¢ and nondecreasing
for t > £. A contradiction. Hence a(t) <0 for ¢t € [0,1] and 1) is convex. O

We can rewrite (DE) as
(1.10) —u(t) — au(t) = Vi(u(t)), teJ,

where 1) is convex.

Step 3. “V(x) is a subgradient of 1 at z”.
Let z,h € RY. Since v is differentiable at =, we have

Uz +h) —¥(z) = (Vi(z), h) + o(|h]),
hence

lim % [0 + th) — ()] = (Vap(x), h).

t10

Since 1) is convex, the function t — 1 (z + th) is also convex, hence the function

0<trs %(¢(I +th) — ¥ (x))

is nondecreasing. Therefore

(t=1)
(Vo) ) = lim 5 (9(c + ) = ¥(@)) 'S Yo +h) — v(a).
Equivalently, we have
(1.11) V(z) > Y(x) + (y,z —x) forall zecRY,

where y = Vé(x). Any y € RY satisfying (1.11) is called a subgradient of 1 at x.
Actually y = Vi)(z) is the only subgradient of ¢ at z. Indeed, from (1.11), choosing
z=x+th,t >0, hcRY, we deduce

S0+ ) — () > (y,B).

By taking the limit as t — 0 we get (Vi(x),h) > (y, h). Replacing h by —h we obtain
equality. Choosing h =y — Vi)(x) we arrive at y = Vip(z).
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Step 4. “Some computation”.
Combining (1.10) and (1.11) we obtain

(=a(t) = au(t), z = u(t)) + P(u(t)) < ¢(2)

for every z,z € RN, t € J.
Setting

(1.12) d*(z,y) = (d(z,y))* = |z —y[>, z,yeR",

and using the definition of ¢, we obtain

1d, 9 o 2
5 7 ¢ (W), 2) + afu()]” — a(u(t), 2) + d(ult)) — Slult )P < ¢(z )—§|Z| :
Hence for all ¢t € J, all z € RY, we have
(1.13) L (). ) + & ). 2) + o(u(®) < 0(2).

Step 5. “Integration by parts”.

This step consists of replacing the pointwise derivative in (1.13) by a “weak derivative”.
Multiplying (1.13) by a nonnegative test function n € C°(J) (C*°(J) with compact
support in J), and integrating by parts we arrive at

EV) - [ G20 d+ 5 [ Euonw i< [ o0 -ooun]a .

for every nonnegative n € C°(J).

Observe that the integrals in (EVI) are well defined since u € C(J; RY), ¢pou € C(J;R)
as well as t — d?(u(t), z), and the supports of 1, 17 are compact in J.

Notice that (EVI) makes sense if we replace (R™,d) by an arbitrary metric space
(X,d), using the notation (1.12), and requiring ¢ € C(X;R) and the solution u to be
continuous on J with values in X. In Section 1.2 we shall consider an example where we
need to weaken the condition on the functional ¢ which requires a stronger assumption
for the definition of a solution.

Problem 1.1. Let ¢ : R" — R be everywhere differentiable. Show that if Vé(z) = Az
for all z € RY for some N x N matrix A, then the matrix A is symmetric. Show that in
this case ¢(z) = 1 (Az, z) + constant. Find a characterization of [V¢|p;, (1.3) and a(Ve)
(1.6) in terms of the eigenvalues of A.

Problem 1.2. Let (H,(,)) be a real Hilbert space and let A € L(H) be a bounded linear
operator on H. We recall that Z 5 A" converges in L(H) (with respect to the operator

norm) as n — oo. We denote the limit by e?, the exponential of A. Moreover, given
and f € H, the function u : R — H defined by

¢
(1.14) u(t) = eag +/ eAfds, teR,
0

is continuously differentiable (C*(R; H))), i.e., lim 5 (u(t + h) — u(t)) exists in H for all
t € R and is denoted by u(t), and R > ¢ — u( ) € C(R; H). Moreover, u satisfies the
linear differential equation in H:

(LDE) a(t) + Au(t) = f, teR,



together with w(0) = xo.
Show that if A is symmetric, i.e.,

(Az,y) = (z, Ay) forall =,y € H,
then the function u defined in (1.14) satisfies (EVI) with J := R,

o(x) ::%(Ax,@ —(f,z), =€H,

and (A 1)
_ T,x
= ;22 PE alA).
z#0

1.2 Heat flow in L*(RY) as a gradient flow in L*(RY)

The aim of this section is to show that the heat flow in L?(R") can be viewed as a “gradient
flow” in L?(R") with respect to the “Dirichlet” functional.
Let

(1.15) e P/ 50, 2 e RY,

1
p(t,z) = W

be the density of the gaussian probability measure on R with mean 0 and second mo-
ment Nt, i.e.,

/ p(t,z)dx =1, t >0,

RN

/ xpp(t,x) de =0, k=1,...,N,
RN

/ |z|*p(t, z) dv = Nt, t>0.
RN

Let fo : RY — R be a (Lebesgue) measurable function satisfying [, |fo|* dz < oo. Let
t >0 and x € RY. Then

[ pt2ta =l dy < o,

hence

(1.16) olta) = [ p(eha =)o) dy

is well-defined. We recall without proofs several facts about the function
v:(0,00) x R" - R

which will be used later.

The function v is infinitely differentiable in (0,00) x RY (notation: u € C*((0, 00) x
RY)). Clearly, if fy is replaced by go such that gy = fy a.e. in R then the RHS of (1.16)
defines the same function v so (1.16) defines a map from L*(RY) into C*((0,00) x RY).
The function v satisfies the “heat equation”

(1.17) v(t,z) = Av(t,z), (t,7) € (0,00) x RY,

9
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where Av = Z o 21)
Set

(1.18) u(t)(z) :==v(t,x), t>0, xR

For ¢ fixed u(t) € C*(RY) and [x (u(t)(m))zdx < 00, hence u(t) can be viewed as an
element of L*(RY). Moreover, the map defined by (0,00) 3 t — u(t) € L*(RY) will be
denoted by u. Then it appears that u € C((0,00); L?(RY)).

Even more, for every t > 0 we have

2
(1.19) lim dz = 0.

1 G,
o (ut + ) (@) —u(t)(z) = 50t @)

This shows that the map u : (0,00) — L2(RY) is (strongly) differentiable in L*(R™Y).

denote its derivative at ¢ by u(t). Similarly @ is differentiable on (0,00) and i(t)(x) =
g—;v(t,x), (t,z) € (0,00) x RN, 1In fact u is infinitely differentiable (notation: u €
C>=((0,00); L*(RY)). Moreover, for every t > 0 the function u(t) € L*(R") possesses
weak derivatives of all order which belong to L*(RY), i.e., u(t) € W*2(RY) for all k € N.
Thus for every multi-index (av,...,ay) = — (Zar - Z2v(t,x)) is an element of the
equivalence class of

Ozl Or*N

oo

Oxr™ oxanN

u(t)

for every t > 0.
As a consequence of (1.17) one shows that

(1.20) a(t) + Au(t) =0, >0,

where A : W2%(R") C L*(RY) — L*(RY) is defined by

where 6%;@ are weak derivatives.

Moreover, we define for f € W12(RY)

0
o0z
V=1 : |,
0
oz N
the “gradient” of f, where % are weak derivatives.

Clearly, V maps W'2(RY) into (L*(R" ))N The following relation between A and V
is essential. We have

(1.21) /RN(Af dm_/RNZaxk ém (z) d

for every f € W23(RY), g € WI2(RY).



Denoting by (, ) the innerproduct in L?(RY), we obtain by taking the innerproduct
of (1.20) with 2 — u(t) where z € Wh2(R"):

(=a(t), z = u(t))

(Au(t), z — u(t))
= (Vu(t), Vz — Vu(t)) = —|Vu(t)|? + (Vu(t), Vz)
< = [Vu®)F + 3 IVu®) ] + 5|V = =3 Vu()* + 3 V2,

where | - | denotes the norm in L?(RY).
Moreover, since u € C*((0, 00); L*(RY)) we have

d 1d , 1d ,
o () = zu(t) = 2) = 5 —fult) = 2" = 5 = (u(?), 2)

N —

(a(t), z = u(t)) =

where d(f,g) :==|f — g| in L*(RY).
We arrive at

(1.22) %%dQ(u(t), 2) < ¢(z) —dou(t), t>0andzec WH(RY),
where

1 2 12N
(1.23) 6(f) ::E/RN VfPdr for feW'2RY).

Observe that t — d*(u(t), z) is continuously differentiable as well as t — (Au(t), u(t)) =
(—u(t),u(t)) on (0, 00).

Hence multiplying (1.22) by nonnegative test functions n € C2°(0,00) we arrive at
(EVI) defined in Section 1.1 with X = L*(R") endowed with the metric induced by the
innerproduct, ¢ : Wh2(RY) C X — R defined by (1.23) and o = 0. Observe that as in
Section 1.1 ¢ — ¢ o u(t) is (at least) continuous hence locally integrable on J := (0, 00).

The function ¢ is usually called a Dirichlet form [K|. It is customary to define ¢ on
the whole of X by setting

%fRN IVf|?dx for f e WH2(RYN),
+o00 otherwise.

(1.24) o(f) = {

D(¢) :={f € L*(RY) : ¢(f) < oo} is called the effective domain of ¢.
From now on we shall adopt this way of writing.

1.3 Definition of a “gradient low” on a metric space

Motivated by the two previous examples, we shall define a gradient flow on a metric space
as follows:

Definition 1.3. Let
e (X,d) be a metric space (not necessarily complete),
e ¢: X — (—00,+00] be proper (i.e. D(¢) :={zx € X: ¢(x) < o} #0),

o v cR.



Given an open interval J in R, we say that a function v : J — X is a gradient flow (or a
solution to (EVI)) on (X, d) (with respect to the pair (¢, «)), if

i) ueC(J; X),

ii) poue Ly (J), ie., ¢pou|@p € L*(a,b) for every a,b € J such that a < b,

loc

iii) u and ¢ o u satisfy (EVI) on J.

If, moreover, J = (a,b) or (a,o00) with a,b € R, a < b, and Pmu(t) = x exists in

—a

(X, d), then we say that the gradient flow starts at = or has x as initial value.

Remark 1.2. Clearly the function u defined in Section 1.1 is a gradient flow in RY (with
euclidean metric) where J = R, ¢ € C*(RY;R) and « := a(V¢). Similarly the function
u defined in Section 1.2 is a gradient flow in L?(R") where J = (0, 00), ¢ is the Dirichlet
form (1.24) and o = 0. Moreover, one can show that 1156 u(t) = fo in L?(RY). Hence this

gradient flow has fy as initial value.
Since u(t) € W2*(RY), we could have chosen for the functional ¢, its restriction to
W22(RY), namely
%fRN(—Af)fdx for f € W22(RY),
+00 otherwise.

(1.25) ¢1(f) = {

It appears that ¢ is lower semicontinuous on L?*(RY) but not ¢;. This property will play
an important role in the proof of existence of solutions to (EVI).

1.4 An a priori estimate

The aim of this subsection is to establish an a priori estimate for solutions to (EVI). This
estimate implies uniqueness for the corresponding initial value problem.

Proposition 1.1. Suppose u and v are two solutions to (EVI) (gradient flows) with respect
to (¢, ) on an open interval J of R. Then the following estimate holds:
(1.26) d(u(t),v(t)) < e *=d(u(s), v(s))

for all s,t € J such that s < t.
In the proof of Proposition 1.1 we shall use the following lemma.
Lemma 1.2. Let J be an open interval of R, g : J — R be continuous and n € C*(J;R)
with compact support in J. Let a,b € R, a < b, and 6 > 0 be such that
suppn C [a,b] C [a —d,b+ 0] C J.

Then we have

bq
(1.27) —/g(t)ﬁ(t) dt = lim E[g(t—kh) — g(®)]n(t) at.
J

0<h<d
h—0 “ ¢



Noticing that for 0 < h < §

/ﬂﬁwmwﬁ=/+ﬂww—mﬁz/gww—mﬁ+l+MWN—M%

a+h

we get

[ Hlote+ 1) = g0l it =~ [ o013 [n) = nte =) e+ 3 [ gtote —

Since, as h — 0, the integrand of the first integral of the RHS converges uniformly to
g(t)n(t) and the second term tends to g(b)n(b) = 0, the lemma is proved.

Lemma 1.3. Let J be an open interval of R, let fi € C(J;R) and foy € L (J). Then
the followmg assertions are equivalent.

— [, i@)nt) dt + [, fa(t)n(t) dt <0 for every n € C(J) nonnegative.

(ii) For every t1,ty € J such that t1 < to
to
fi(ta) — fi(ty) +/ fa(r)dr <0.
t1

Proof. (ii) = (i).
We apply Lemma 1.2 with g(¢) := fi(t). We obtain

b
/fl OL}{%(S ) %[fl(t“‘h)—fl(t)h(t)dt

(i)
< __
g [ (5[ sewwa= [p

observing that fdrh fa(r)dr — fo(+) in L'(a,b) as h — 0.

(i) = (ii).

Using a standard approximation by means of (Sobolev) mollifiers one can show that the
test functions 7 can be chosen nonnegative absolutely continuous (in particular Lipschitz
continuous) with compact support in J. Given ty,ty € J with ¢; < ty we choose as
test functions n, for n large enough the linear interpolation of 7, (t1) = n,(t2) = 0 and
Ma(ti + ) = nu(t2 — L) =1 on the interval [ty to] and 0 outside.

We obtain
to t1+1/n to
n/ Fi()dt — n/ oL +/ Fa®)na() dt < 0.
t2—l/n t1 t1
Taking the limit as n — oo we arrive at (ii). O

Remark 1.3. Applying Lemma 1.3 to (EVI) we get
(1.28) %d2(u(t2), z) — %d2(u(t1), z) + % /tl2 d*(u(t), z) dt
< (- t)ole) -~ [ ottt ds

for every [t1,t2] C J and z € D(¢) (see Remark 4.0.5 of [AGS]).
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We shall choose in (EVI) test functions 7 of the form 7(t) := e**7)(t) where 7 € C°(J)
nonnegative we obtain

- /J £ (u(t), 2)[e* (1) + oii(r)) dr

So the LHS reduces to

and by applying again Lemma 1.3 we obtain
1 1 t t
(1.29) 5 e d* (u(ty), z) — 5 e d? (u(ty), z) < (/ e dr) o(z) — / e o(u(r))dr
t1 t1

for every tq,t € J with t; < t3, and any z € D(9).
Now we are in a position to prove Proposition 1.1.

Proof. Suppose u and v are two solutions of (EVI) with respect to (¢, ) (gradient flows)
on an open interval J of R. Set

ga(t) == 3 d*(u(t),v(t)), te .

Clearly ga € C(J). We want to show that ga is nonincreasing on J. In view of Lemma
1.3 with f :=ga, 2 := 0, and Lemma 1.2 with g := ga, it is sufficient to prove

b

lim — <
0,151}%5 i lga(t +h) — ga(t)]n(t)dt <0

for any n € C2°(J) nonnegative, with a, b, as in Lemma 1.2.
We have

ga(t +h) — ga(t) = LR (u(t + h), v(t + b)) — 2 Ld®(u(t), v(t))
— e [ (u(t + R), o(t + ) = e Sd(u(t), v(t + 1))
+ e [ea(Hh)%dZ(u(t), v(t + h)) — e*3d(u(t), v(t))} :

Using (1.29) both for w and v, we obtain

e ML (u(t + h),v(t + h)) — e Ld?(u(t), v(t + h))}

2
t+h t+h
< [(/+ eo”dr) .¢Ov(t+h)_/+ eo""gbou(r)dr}

e ML (u(t), v(t + h)) — e* 1d*(u(t), U(t))}

<|(/ T ir)-vout) - [ "o al

11
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Hence

[ loste+ ) - s de

b h
< / e ltHh) (% /t+ e dr) pov(t+ h)n(t)dt
b t+h
—/a e ltHh) (%/ﬁ+ e ¢ ou(r) dr)n(t) dt
b 1 t+h
+KWG[ wwﬁMWMﬁ
b 1 t+h
— /a eat(ﬁ/t e pou(r) dr)n(t) dt.

Using ¢ov(-+h) "= ¢pov in L1(a,b) as well as %I'Jrhw('r) dr — w(-) in L'(a,b) for any
w € L (J), we obtain

loc

b

_
0,1?1}1‘%5 i 9a(t+h) = ga(t)]n(t) dt

< / e* ¢ ov(t)n(t) dt — / e* ¢ ou(t)n(t) dt

b b
+ / e* ¢ o u(t)n(t) dt — / > ouv(t)n(t)dt = 0.0

2 The Hilbert space case

Let (X, (-,-)) be a real Hilbert space with corresponding norm |- | and metric d(-,-). Let
e : X — R be defined by

(2.1) e(z) =iz, ze€H.

Let ¢ : X — (—o0,+00]. We recall that ¢ is called proper if D(¢) = {z € X :
¢(r) < oo} is not empty. In this case we call ¢ convex if D(¢) is a convex subset of X
and the restriction of ¢ to D(¢) is convex. We call ¢ lower semicontinuous (l.s.c.) if
{z € X : ¢(z) < ¢} is closed for every ¢ € R.

We are now in a position to state the main “existence” result in the Hilbert space case
when J := (0, 00).
Theorem 2.1. Let (X, (-,-)) be a real Hilbert space and let ¢ : X — (—o00,+00] be proper,
l.s.c. and such that ¢ — «e is convex for some a € R. Then for every x € D(¢) there
exists a gradient flow u: (0,00) — X on (X,d) with respect to the pair (¢,«) starting
at x.

Remark 2.1. There are several proofs of Theorem 2.1, but the main ingredient in all these
proofs is the m-accretivity in (H, | -|) of the subdifferential of the function ¢ := ¢ — «e.

We first recall some definitions.

Definition 2.1 (subdifferential). Let ¢ : (X, (-,:)) — (—o0,+0o0] be proper. Let z €
D(p) and y € H. We say that y is a subgradient of ¢ at x if the following holds

(2.2) (Y, 2 —x) +p(x) < p(2) Yz e D(yp).
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The collection of all subgradients of ¢ at x, which is denoted by d¢(x), possibly empty,
is called the subdifferential of ¢ at x.

We may consider the map x — 9¢(z) as a map from D(dp) C X — 2% (the collection
of all subsets of X), where

D(9¢) :={z € D(¢) : Op # @}.
The graph of this map is the subset G(0p) of X x X defined by
G(0¢) :={(z,y) € D(p) x X : y is a subgradient of ¢ at z}.

It is customary to use the same notation for G(d¢) and 0.
Definition 2.2. A subset A of X x X is called monotone if for every pair (z;,y;) € A,

1 =1,2, we have

(2.3) (Yo —y1, 2 — 1) >0,

and cyclically monotone if for every finite cyclic sequence xg, z1,...,z, = zo in D(A)
(i.e., € H such that for every y € H with (z,y) € A) and every sequence y, . . ., y, with
(x;,y;) € A, 1 < i < n, we have

n

S {yi @i — wia) > 0.

i=1
Problem 2.1 ([R]).

(i) Show thatif ¢ : (X, (-,-)) — (—00, +00] is proper, the subdifferential dy is cyclically
monotone, hence monotone.

(ii) Show that if A C X x X is not empty and cyclically monotone, there exists ¢ :
X — (=00, +00] proper, Ls.c. and convex such that A C Je.

Hint: Take (z9,y0) € A and for any = € X set
gb(l‘) = Sup{<y7"wl' - $n> + <yn—1>$n - $n_1> +...+ <y()7$1 - xO) :
(xi,y;) €A, i=1,...,n, n € N, }.

Definition 2.3. Let (£,]-||) be a real Banach space. A subset A C E x E is called
accretive (—A is called dissipative) if

(2.4) |21 = @] < [l — 22 4+ h(y1 — 1) |

for every (x;,y;) € A, i = 1,2, and every h > 0.

Observe that “accretivity” and “monotonicity” of A are equivalent in a real Hilbert
space (H, (-,-)). This follows from

(x,y) >0 iff |z| <|x+ty| for all t > 0,

for any x,y € X.

Problem 2.2. Let (E, ||-||) be a real Banach space and let A C E x E be accretive. Show
that the two following assertions are equivalent:

13



(i) R(I +hA) = E for some h > 0,
(ii) R(I +hA) = FE for all h > 0.
Here R(I + hA) denotes the range of the graph I + hA, i.e.,
R(I + hA) :={y € E : there exists x € D(A) such that (z,y) € [ + hA}.
We also write
{y € E : there exists x € D(A) such that y € z + hAz}.

Definition 2.4. Let (£, || - ||) be a real Banach space. An accretive graph A C £ x E' is
called m-accretive (—A is called m-dissipative) if R(I + hA) = E for every h > 0.

Example 2.1. If X = R then the graph of the function x — signx is monotone but not
m-accretive. However, the graph defined by

(x,0) € A for every z <0
(0,y) € A for every y € [—1,1]
(x,1) € A for every x > 0

1S m-accretive.

After these preparations we can formulate an important result of the theory of mono-
tone operators in Hilbert spaces.

Proposition 2.1. Let (X, (:,-)) be a real Hilbert space and let ¢ : X — (—o00,+0]
be proper, l.s.c. and conver. Then the subdifferential Op is cyclically monotone and m-
accretive in (X, | -|). Conversely, if A C X x X is a cyclically monotone graph which is
m-accretive, then there exists a proper, l.s.c. and convex functional ¢ : X — (—00, 00|
such that A = 0p. Moreover, if ¢, is as above and satisfies A = Op1, then there exists
some ¢ € R such that ¢1(x) = @(x) + ¢ for all z € H.

The first assertion in the conclusion of Proposition 2.1 will be proved below.
Problem 2.3. Prove the second assertion of Proposition 2.1.

Hint: By Problem 2.1 there exists ¢ as in Proposition 2.1 such that A C d¢. Hence
I+ACT+dpand (I+A)™" C (I+9dp)~'. Using the m-accretivity of A show that
D((I+A)™) =D((I+08¢)™"') = X. Using the monotonicity of d¢ show that (1 +d¢)~*
is the graph of a map from X into X.

Hence (I + A)™' = (I + d¢)~!. Therefore, [ + A = I + O from which we conclude
A = 0p. This arguments shows that an m-accretive graph is maximal with respect to
inclusion for the collection of accretive graphs in X x X.

In order to prove Theorem 2.1 we would like to solve the initial value problem for the
differential inclusion

—at) — au(t) € d(u(t)), t >0,

where 1) := ¢ — ae; and then proceed as in Section 1.
This can be done in the following way. Setting A := 0v¢ + ol we observe that this
operator satisfies the condition of the Crandall-Liggett theorem (See Appendix 4).
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Defining

25) L {(0, o) if a >0,

(0.4) ifa<o
or equivalently I, = {h > 0: 1 + ah > 0}, we have that for h € I,: (I + hA)™! is the
graph of a map from X — X (everywhere defined) which we shall denote by Jj:

(2.6) Jpr: = +hA) ', xe€H hel,.

Moreover [Jy|Lip < (14 ah)™t.
It follows from Theorem I in [CL71], [Appendix 4] that

(2.7) S(t)a == lim (J)"z, x € D(A)

n—oo

exists for ¢ > 0, and lim; 0 S(t)zr = . We set S(0)z = z for x € D(A). Moreover
{S(t)}+>0 is a one-parameter semigroup of operators on D(A).

It follows from Theorem II and Lemma 2.3 of [CL71] that the function u: [0,00) — X
defined by

(2.8) u(t) == S(t)z, = € D(A)

satisfies: for every T' > 0, ulj,r) € Lip([0,T]; X), (hence u is differentiable a.e. since X is
reflexive) and for almost all ¢ € (0, 00) we have u(t) € D(A) together with —u(t) € Au(t).

In [Br73] Brezis proved that if moreover A — af is cyclically monotone, then even
for + € D(A), the following holds: u(t) € D(A) for every [e,T] with ¢ > 0, u|jo1 €
Lip([e, T]; X),—u(t) € Au(t) a.e. in (0, c0).

Proceeding as in Step 5 of Section 1.1 we can show that u is a gradient flow on X with
respect to (¢, ), starting at x. The conclusion of Theorem 1.1 follows by observing that
D(A) == D(9%) = D(v) —: D(9).

If we want to use this approach in the case of a metric space, we need to be able
to define Jpx without using the linear structure of the Hilbert space. This can be done.

Setting

» sy = {0 0 5D

we shall show that if h € I, and z € X, then

(2.10) Jpx is the unique global minimizer of ®(h, x;-).
More precisely, we have the following lemma.

Lemma 2.1. Let ¢: X — (—o0,+0o0] be proper, let « € R, h € 1, and ¢ := ¢ — ae.

Then
i) if xg € X, 1 € D(OV) satisfy
(2.11) (1~ o) — s € D),
then
(2.12) O(h,xo;21) < D(h,x0;2), for every z € X.
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it) Conversly, if we suppose in addition that 1 is convex, then for any xo € X and
x1 € D(9) satisfying (2.12), we have xy € D(0v¢) and (2.11) holds.

Proof. 1)= ii). Notice that x; € D(0v) C D(1)). We first treat the case « =0 (¢ = ).

1
Qh‘ O_Z‘ - |$0_:U1’ +w(2) w(l'l)
> | ? 1 —| 2 + 1( )
Ty — 2|7 — To—T To—T1,2— X
_2h 0 op 110 1 5, \Fo 1 1
—i _ 2_i RTINS B 1, B
= |370 Z| |270 l’l’ + h<330 x1,Xg .Cl}l>—|— h<x0 T1, 2 x0>
1
:2h [|Z_$0|2+|$0_1:1| +2<$0_$1,Z—$0>i|
1
=55 (2 — 20) + (w0 — 21|
1
:ﬁd%xl,z)

which is nonnegative.
In the general case we get an extra term in (2.11) and two extra terms coming from
the definition of ¥. We get

O(h,xo;2) — ®(h, xo; 1)

1 Q a
_thz(xl, z) —alxy, z —x) + §|z]2 - 5\:161]2
1
:ﬁcﬁ(xl, 2) + a2(|x |* — 2(zy, 2) + |2]?)
11 ,
>
2(h—l—oz)d (r,2) >0

since h € I,.
ii)= i). Let 29 € X, 21 € D(¢) satisfying (2.12). Let z € D(¢) and ¢ € (0,1). Then,
using the convexity of ¢, we have (1 —t)x; +tz € D(¢)) and

tlp(z) —v(z) > P((1 =)y +tz) — P(21).]

Using the definition of ® and (2.12), we get

V(1 =)oy +tz) — (1)
=®(h,xo; (1 — )z +t2) — D(h, z0; 21)

1
~ 57 [[(1 = t)zy + tz — 2o — |21 — mo]*] — 5 (|(1 — )y + tz|* — |21 ]?)
1 Q
>—oF —[|(1 = )@y + tz — 20|* — |21 — zo|*] — 5(|(1 — t)xy + tz|* — |z1]?).

Dividing by ¢ and letting ¢ tend to zero we arrive at

P(z) —P(21) > —%(2 — 21,1 — xo) — (w1, 2 — 1)

which is (2.11). N
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Having shown that we can define J,z in terms of the metric d, the functional ¢ and
a € R, it is important to investigate whether the condition ¢ — ae convex can also be
expressed in terms of these data. The condition ¢ —ae means that for every yo, y1 € D(¢)
and t € (0,1) we have

A((L —t)yo +ty1) — ae((1 —t)yo + ty1)
<(1 =t)9(yo) + to(yr) — (1 —t)e(yo) — ate(ys).

Observe that
(2.13) e((1 = t)yo + tyr) = (1 —t)e(yo) + te(yr) — t(1 — t)e(yo — 1)
holds for every t € R and yp,y; € X. Indeed
e((L = t)yo + ty1) + t(L = t)e(yo — y1)
=5 (= 0Pluol? + 52l + (1~ 1)e(yo, )
5 (= ol 4+ 220l — (1= 1, )
=(1—t)e(yo) + te(yr).

It follows that ¢ — e is convex iff ¢ satisfies for ¢ € (0,1), yo, 11 € D(¢),

(2.14) B((L =)y +ty1) < (L= Do) + to(y) — 5 (0. 31).

In view of (2.13) again the function 3d?(x, ) satisfies for x,yo, 41 € X and ¢ € R:

S (1= 1)y + ) = e((1 — 1)(go — 2) + 131 )
= (1= e — ) + tyn — o) — 01~ t)elyr — o)

Therefore, we have
(2.15)
O(h, z; (1 = t)yo + tyr)

= o, (1= 1)y + ) + (1~ ) + 131)

<= 0)| greom) + 0|+t | ) + 6] = 3G+ (1 = 00

=1 —t)®(h,x;y0) + tP(h, x;91) — %(% + a)t(1 — t)d*(yo, 1)

for every h > 0, z € X, yo,y1 € D(¢), t € (0,1) iff ¢ — e is convex.

Observe that if h € I, then the function ®(h,x;-) is strictly convex.

We conclude this section by showing that in the Hilbert space case, the functional
®(h,z;-) possesses a global minimizer if the following conditions are satisfied:

e ¢ is proper and l.s.c.
e Ja € R such that ¢ — ae is convex

exc Hand hel,.

17



In a first step we shall assume ¢ bounded below. Then clearly ®(h, ;) is also bounded
below. Set 7 := inf{®(h,z;y): y € D(¢)}. Let {y,} C D(¢) be a minimizing sequence
i.e. lim, o ®(h, z;y,) =7. We claim that {y,} is a Cauchy-sequence in H. Indeed from
(2.15) with ¢t = £ and 4+« > 0 we obtain for m,n > 1, noticing that 1 (y,, +y.) € D(¢),

( 2

1 1 1
+ a)d2(ym7yn) Siq)(hwra ym) + §®(h,.l’, yn) - §q)(hv x;

N —
S =

<5 (®(h i) =71+ 5[0k, i p) = 7],

which tends to zero as m,n — oc.
In view of the completeness of (X,d) there exists y € X such that d(y,,y) — 0 as
n — oo. Since ¢ is Ls.c, ®(h,x;-) is also l.s.c., hence

O(h,z;y) < lim @(h,z5y,) =7 < .
Therefore § € D(¢) and 7 < ®(h,x;y) <7 which completes the proof in this case. Now
we remove the additional assumption ¢ bounded below by using the fact that a proper,
l.s.c convex function in a Hilbert space is bounded below by a continuous affine function
of the form y — a+ (b, y) where a € R, b € H. [See Appendix 5]. Then it is easy to verify
that ®(h,x;-) is bounded below. This implies that J;, (see (2.9)) is well-defined and by
Lemma (2.1), Jyz € D(0¢) and satisfies

1
(2.16) E(x — Jpz) —adyr € 0Y(x), h e l,.
In particular, when o = 0, (2.16) implies that R(I + hdy)) = X for every h > 0, hence
0 is m-accretive in (X, |- |). (first assertion of Proposition 2.1).

Moreover, when « is not necessarily equal to 0, we may define for h € I,:

1
(2.17) on(x) := ®(h, x; Jx) = %|x — Jwx]? + ¢(Jp).
The function ¢y, is called the Yosida-Moreau approximation of ¢. (see Section 3 of [LN1]).
(Notice that ¢, () # ¢(J,x) in general (!)).
Problem 2.4. Let (X, (,)) and (E, (,)g) be real Hilbert spaces. Let T: D(T) C X — E
be a closed densely defined operator. Let

Sz) im {§|Tx|E, r € D(T),

~+00, otherwise.

Show that the functional ¢ is quadratic (i.e. ¢(z+y)+o(z—y) = 2(d(x) + & (y)), Va,y €
D(¢), and ¢(Az) = N¢(x), VA € R, Vx € D(¢)), convex and ls.c. Let T*T: D(T*T) C
X — FE be defined by D(T*T) = {x € D(T): T*x € D(T)} and T*Tx := T*(Tz),
x € D(T*T). Show that 0¢p = T*T.

3 Semi-discrete approximation

In this section, we shall consider the problem of minimization of the functional ®(h,x;-)
in the case of a metric space in order to define J,x. Observe that in the Hilbert space
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case, Jpx has the following interpretation. Let A be the operator defined by A := 0y +al
and let u be a solution to u(t) + Au(t) > 0, ¢ > 0 with initial value x. Then Jyz can be
interpreted as the approximation of u at h obtained by using the “Euler implicit” scheme
L(u(h) —u(0)) + Au(h) > 0. Tterating we obtain a so-called semi-discrete approximation
of u: , Jyx, (Jp)x, ..., (Jy)"x. Given t > 0 and setting h := L, the next step consists of
proving that (J;/,)"z tends to u(t). In our situation, we shall prove, as in Crandall-Ligett
thereom, that lim, .. (Ji/,)" exists and that this limit is a gradient flow starting at z.
This will be done in the next sections.

Let (X, d) be a metric space and ¢: X — (—o00,+400] be proper. Motivated by the
results of the preceding section, we can formulate the condition introduced in [AGS] which
plays the role of the convexity of ¢ — ae in the Hilbert case.

(Hy) There exists a € R such that for every x, yo, y1 € D(¢), there exists amap : [0,1] —
D(¢) satistying v(0) = yo, 7(1) = y; for which the following inequality holds:

N (0 +60(0) < (10| 3ol ) + o)

it [grtle.n) + o) - (3 +0) 30— 000

for every ¢ belonging to (0, 1) and every h > 0 with 1 4+ ah > 0.

Remark 3.1. In (2.16), v(t) = (1 — t)yo + ty1, t € [0,1], which is independent of z.

From now on, we shall always assume that the functional ¢ is proper and satisfies (H;).
So when we use o € R, it will always refer to the a of assumption (H;). In particular,
when we say h € [, it means « of (H;). Given z € X and h € I, we shall define ®(h, x;y)

as in (2.9) so we have
D: [, x X x X — (—00, 0.

Lemma 3.1. Let ¢: X — (—00,00] be proper and satisfy (Hy). Let h € I, and x € D(¢).
Then

(i) If 5 := inf{®

—~

h,xz;y): y € X} > —o0, then, for every y,z € D(¢),

(B(h,73) —7) + 5(@(h,252) — 7).

DN | —

(3.2) + a)d*(y, 2) <

> =

(

| =

(i) If T € D(¢) is a global minimizer of ®(h,x;-), then for every z € D(¢),

(3.3) ®(h,z;2) — ®(h,2;7) > =(+ + a)d*(7, 2).

N | —
SN

Proof. Notice that 7 < oo since ®(h,x;-) is proper. (i) Use (Hi) with yo := vy, y1 = 2,
t =1 and observe ¥ < ®(h, z;v(3)).
(ii) Use (Hy) with yo := z, y1 := Z. We obtain

%dm,f) + §(7) = B(h, 2;7) < D(h, 23 4(t))

(1= D)= (z, 2) + 6(2)] + te (2, 7) + 6(F)] — ~(= + a)t(1 — (%, ),

2h 2h (

N —
S| =
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t € (0,1). Hence

1, i 1, 11 .
A el < (1 —#[— _ (= ]
(1= e d(,7) + 6(2)] < (1~ ) (2,2) + 6(2)] — 5 + (7, )
Divding by 1 — ¢ and letting ¢ tend to 1 we arrive at (3.3). O

Remark 3.2. i) It is obvious that if & € D(¢) satisfies (3.3) it is a global minimizer
of ®(h,x;-). Moreover, it follows form (3.3) that ®(h,z;-) possesses at most one
global minimizer.

ii) The RHS of (3.3) (which would simply be equal to zero without (H;)) will play an
essential role in the proof of existence of a gradient flow).

iii) Noticing that % +a > 01in (3.2) we see that any minimizing sequence {z,} C D(¢)
is a Cauchy-sequence in (X, d). For the existence theorem, we will assume (X, d)
to be complete which insures the existence of a limit, denoted by z € X. Assuming
moreover ¢, hence also ®(h,z;Z) to be l.s.c., we obtain

®(h,2;2) < lim ®(h, 2;2,) =7 < 0.

Hence z € D(®(h,z;-)) = D(¢). Therefore —oo <7 < ®(h,2;Z) <7 < oo which
implies that z is a (the) global minimizer of ®(h, ;).
In view of the preceding remarks, it follows that under these additional assumptions

the boundedness from below of ®(h,z;-) implies the existence of a minimizer. Therefore
we introduce as in [AGS, (2.4.10)], the next and last assumption on ¢, namely:

(Hy) There exist x, € D(¢), r. > 0 and m, € R such that ¢(y) > m, for every y € X
satisfying d(x,,y) < 7..

Lemma 3.2. ([AGS, Lemma 2.4.8, p. 52]) Let ¢ : X — (—o0, +00] be proper and satisfy
(Hy) and (Hs). Let v be as in (Hy) and x., 7., my be as in (Hy). Then for every y € X

(3.4)
¢(y) 2 Cc— bd(x*vy) + %Oéd2($*7y) Zf d(.ﬁE*,y) > T,

where ¢ .= ¢(x,) and b := ri(gb(x*) —my) — tayr, with ay := max(a, 0).

Proof. The first part of (3.4) is simply (H2). We prove the second part. Assume y € D(¢)
with d(z,,y) > r.. From (H;) with x := x,, yo := 2., y1 :=y and ¢ := = € (0,1) we

find y, := y(t) € D(¢) independent of h € I, such that ey
1 1
(35) o d(eey) + 6(p) < (1= )| 57 (@, 2) + 6(a)]
1 1 1
+t| 5 (e y) + 0y - (5 +0)5t1 - D (..y)

for every h € [,.
Multiplying by A (> 0) and letting A tend to zero in (3.5) we get

1 t? 1
EdQ(x*,y*) < EdZ(m*,y) = 57“2

*
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hence by (Hs)

Using (3.6), the nonnegativity of the first term in (3.5) and d(x.,x,) = 0 we obtain

00) 2 0(w.) = 3(0(w) = m2) = (5 +0) 3 Elany) + 5 Py

In case a > 0 we let h tend to +oo and in case o < 0 we let h tend to ﬁ

Using the definition of ¢ we obtain (3.4). O

As a simple consequence of Lemma 3.2 we obtain

Corollary 3.1. Let ¢ : X — (—o0,+00] be as in Lemma 3.2, and o € R be as in (Hy).
Then for every h > 0 satisfying % +a >0, for everyT € X, M > 0 there exist f > 0 and
0 € R such that

(3.7) ®(h,z;y) > Bd*(T,y) + 0
for every x € X such that d(z,7) < M and for every y € X.

Proof (sketch). Use
d*(z,y) > (1 - ))d*(T,y) — M*(1/* = 1)
and
d*(e,y) < (L4 0")d*(@,y) + (1 +1/9*)d* (., T)
for0 <e,np<1. O

Under the assumptions of Corollary 3.1 the function y +— ®(h,z;y) is bounded from
below. We define ¢y (z) as its infimum on X.

Definition 3.1. Let ¢ be as in Lemma 3.2, h + = > 0 with A > 0 and « as in (H)).
. = inf ®(h, z;y).
(38) ¢n(z) = inf O(h, 2;y)

Remark 3.3. 1) ¢p, is a map from X into R.

2) The notation ¢y, is consistent with the notation of Section 2. Indeed, in Section 2
on(x) == ®(h, z; Jyx) where Jpz is the unique minimizer of y — ®(h, z;y). In this
section the existence and uniqueness of such a minimizer will be obtained only for
x € D(¢).

Lemma 3.3. Let ¢ : X — (—o0,+00] be proper, l.s.c. and satisfy (Hy), (Hs). Then for
every h € 1, the function ¢, : X — R is continuous and for every x € D(¢) the function
X 3y ®(h,z;y) possesses a unique global minimizer element of D(¢) which we denote

by Jnx. Moreover the map D(¢) > x — Jyx € D(¢) is continuous.

Proof. 1. Continuity of ¢p,.
Let x,,7 € X, n > 1, be such that lim d(z,,Z) = 0. Let y € D(¢), then ¢,(z,) <

®(h,z,;y), n > 1, hence

lim ¢p(z,) < lim ®(h, z,;y) = ©(h, T; y).

n—od
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Taking the infimum over y € D(¢) we get
nh_)_rgocﬁ(:vn) < op(T) < 0.
Let y, € D(¢), n > 1, be such that
Bl i) < Onla) + 5, 021

In view of Corollary 3.1 there exists C' > 0 such that d(7,y,) < C, n > 1.
We have ¢p,(Z) < ®(h,ZT;y,), n > 1, hence

on(Z) < lim ®(h,T;y,) = lim {% (T, yn) — %d(xn,f)d(i Yn) + ¢(yn)}

n—od n—oo

(since d(T,y,) is bounded)
1
= lim { 5 (AT ) — d(@. 7)) + 6(0) }

< tim { o ) + 0() ) < lim ().

n—oo n—oo

2. Global minimizer.

Let T € D(¢) and let {y, },>1 C D(¢) be a minimizing sequence, i.e. lim ®(h,7;y,) =

¢r(T). As in the proof in Section 2, in view of the lower semicontinuity of ®(h,7;-) and
the completeness of (X, d), it is sufficient to prove that (y,),>1 is a Cauchy sequence. If §
denotes the limit, note that ®(h,Z;7) < co hence § € D(¢). In order to show that (y,) is
a Cauchy sequence we use assumption (Hy) with x := x,, Yo := Yn, Y1 := Ym, t = %, where
(Zn)n>1 C D(¢) such that nlljg(> d(z,,7) = 0. Let Cy > 0 be such that d(z,,7) < Cf,

n > 1. From (H;) we obtain the existence of y,,,, € D(¢) satisfying
1 1 1/1 ,
D(hy 20 Ynom) < = P(hy 20;yn) + = P(hy s Ym) — —<— + oz)d (Yn, Ym)-
2 2 S\h
Since @(h, Ty Ynm) > On(xn), we get

1

(3'9) dz(yna ym) < 4(5 + Oz) o [((I)(h? Tn; yn) - ¢h(xn)) + (I)(ha Tn; ym) - ¢h($n)] )

for m,n > 1.

Next we show that the right-hand side of (3.9) tends to zero as m,n — oo. By
Corollary 3.1 we see that any minimizing sequence is bounded, in particular there exists
Cy > 0 such that d(7,y,) < Cy, n > 1. It follows that

1
[P (P, 203 Yn) — P(R, T5 )| = %‘dQ(xnayn) - dQ(Tv Yn)|
1 1
S ﬁ d(xn7f) (d(xnayn) + d<f> yn)) S ﬁ(cl + 202)d(xnyf) — 0

as n — 0o. In view of the continuity of ¢, we get

|CI)(h7 L yn) - ¢h(xn)| S |<I)(h7 L yn) - (I)(haf; yn)| + |(I)(h7f7 yn) - ¢h<f>|
+ |6n(T) — Pn(wn)| — 0.
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Finally

1

< %d(mm,xn) 2(C1+Cy) =0 as m,n — 0.
Since |¢p(z,) — ¢n(Tm)| — 0, it follows that the right-hand side of (3.9) tends to zero.
Next we prove the uniqueness of the minimizer. Since every minimizing sequence is a
Cauchy sequence it is easy to see that the minimizer is unique (construct a new minimizing
sequence from two minimizing sequences (u,) and (v, ) converging respectively to u and v.
Then the new minimizing sequence converges to w = u = v). Next we prove the continuity
of x — Jyx. Let x,,x € D(¢), n > 1 be such that lim,,_, d(z,,z) = 0. We have to show
that lim,,_,o Jpx, = Jpx. In view of part 2. of the proof of Lemma 3.3 it is sufficient to
prove that {Jpz,} is a minimizing sequence for ®(h, z;-). Indeed, if it is the case, {Jyz,}
is a Cauchy sequence whose limit is the global minimizer of ®(h,x;-) which is denoted
by Jpz. First we show that {J,z,} is bounded i.e. there exists y € X (hence for every
y € X) d(y, Jyz,) is bounded in R. Using (3.3) with x := z,, and some z € D(¢) (# 0)
we get

(3.10) % (% + a) (i ) < %dZ(xn, )+ 6(2) — du(zn), > 1

Since x, — = and ¢, is continuous, the RHS of (3.10) is bounded, hence {J,x,} is
bounded. Let {y,} be a minimizing sequence for ®(h,x;-). We know that {y,} is a
Cauchy sequence, hence also a bounded sequence. Now we are ready to shovv that {Jnz,}

is also a minimizing sequence for ®(h, z;-). Set ®(h, z; Jyx,) = I; ) 4 ] ) where

1

n ]' n
I = =z, Jazn) + ¢(Jpzn), LY = o

) [d*(z, ) — d*(@n, Jpan)].
Let {y,} C D(¢) be a minimizing sequence for ®(h,z;-) i.e. lim, o ®(h,z;y,) = 7 =

inf e x ®(h,x;y) > —oo. Then by definition of J,x, we have

I( ™) < %Cp(l’myvﬁ + ¢(yn) = I(n + Lin)
where I(" = 5-d* (@, Yn)+9(yn) and I(” o (@, yn)—d*(z, yn)). Hence ®(h, z; Jyz,) <
I?En) + (Li ") [én)) We claim that lim,, (Lin) I(n)) < 0. Indeed

1 = S (@, ) = A, y) (A, ) + e, 0)) < o, ), ) + )

Since {y,} is a minimizing sequence for ®(h,x;-), it is bounded (see part 2. of the proof
above). Moreover, {x,} is also bounded since d(z,,z) — 0, hence [d(x,,y,) + d(x,y,)] is
bounded and Tim,,_o I{"” < 0. Similarly IJ" < s d(x, x,)[d(z, Jhxy) + d(n, Jpz,)] and
in view of the boundedness of {J,z,} we obtain lim,, oo IQ(”) < 0. Consequently

Tm (1Y + I8y < Tim IV + Tm 1™ < 0.

n—oo n—oo n—oo

Since lim,,_ I?En) = 7, we obtain lim,, ., ®(h, z; Jyz,) <7 < inf,>; ®(h, z; Jux,). There-

fore lim,,_, o ®(h, x; Jyx,) = 7 which completes the proof of the continuity of y — Jpy. O

23



We summarize the results of this section in

Proposition 3.1. Assume
o (X,d) complete metric space,
e ¢: X — (—00,+00| proper, Ls.c.,
e (Hy) and (H2),

e € D(¢p) and h >0, 14+ ah > 0.

Then the functional ®(h,z;-) defined in (2.9) possesses a unique global minimizer in X
denoted by Jyx. Moreover Jyx € D(¢) and satisfies the variational inequality.

1/1

V) 3 (34 0) EUh2) = Gle) +an(o) < 002

for every z € D(¢), where ¢y, is defined in (3.8).

Proof. The first assertion follows from Lemma 3.3 and (VI) is a reformulation of (3.3)

when z € D(¢). When = € D(¢) we approximate x by a sequence x,, € D(¢), replace x
by x, in (VI) and pass to the limit using the continuity of both Jj, and ¢,. O

4 Existence of solutions to EVI

The aim of this section is to establish the existence of solutions to (EVI) via the semi-
discrete approximation in the case o = 0. For the general case we refer the reader to
[AGS], [LN1] (where Crandall-Liggett type estimates are used involving the local slope
of ¢ denoted by |0¢|(z)) and [CD2] (where Crandall-Liggett type estimates are used not
involving |0¢|(x)).

In this section we shall make the following assumptions:

e (X,d) is a complete metric space,

e ¢: X — (—00,+400] is proper and l.s.c..

(A) There exists hg > 0 such that for every h € (0, ho] and every x € D(¢), the following
variational inequality:

find y € D(¢) satisfying
1

(2, 2) — P, 2] + o, 7) + 6() < 0f)

(4.1) -

for all z € D(¢),

possesses a solution.

Remark 4.1. 1) (4.1) is (VI) with a = 0. Tt follows from Proposition 3.1 that if ¢ satisfies
(Hy) with a = 0 and (H3), then ¢ satisfies (A).

ii) Clearly if y € D(¢) satisfies (4.1), then y is a global minimizer of ®(h,z;-). Since
5@y, z) + ®(h, z;y) < ®(h,z;2) for every z € D(¢), this global minimizer is unique
(choose z € D(¢) global minimizer).
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Definition 4.1. Let h € (0, ho] and = € D(¢). We denote by .J,& the unique solution
to the variational inequality (4.1) and by Jj, the map from D(¢) into D(¢) defined by
z — Jyo. We set Jor := z and JPx = x, JPx = Ju(Jp '2) for every x € D(¢) and
n > 1. In particular J,% = J.

As a consequence of (A) we have:

there exist z, € D(¢), C1,Cy € R such that
(4.2) o(z) > C1 + Cod(z., 2)
for every z € D(¢).

Indeed setting = = x, € D(¢), h = hy in (4.1) we get

Qb(z) Z ¢(Jhox*> + —d2(ZL’*, Jhox*) -

[d(Jno Ty 2) + d(24, 2)] d(xsy Tpy ).
2hg

2ho
Then (4.2) follows from the triangle inequality.
“Crandall-Liggett estimates”
Our first goal is to show that the sequence {.J[} xz}, t > 0, z € D(¢), t/m < hyg is
a Cauchy-sequence in (X, d). We proceed as in [CL?l]. This is possible thanks to the
following

Lemma 4.1. Let z,y € D(¢), 7,0 > 0, then

5
4.3 Pz Jsy) < —L—d2(J. % P(x T
(4.3) (Jy, ‘W)—wré (ww7y)+7+5 (z, Jsy)

Proof. Neglecting the third term in (4.1), which is negative, we get
L (20, 2) - @, 2)] + 6(1,1) < 0(2)

2y

215 [*(T5y, 2) = (y, 2)] + 6(J5y) < &(2)

for every z,2 € D(¢). Setting z := Jsy, 2 := J,x and adding the two inequalities we
obtain

1 1\1 1 1
—+ < ) (S, Jsy) < —=d*(J. —d*(z, J5y).
(2435) 300 T0) < g ) + -l T
Multiplying by 2% we arrive at (4.3). O
Remark 4.2. In case (X, || - ||) is a real Banach space and A C X x X is m-accretive [See

Appendix 4], and J, := (I +hA)~L, h > 0 we have

vy )
Jox — Jsy|| < ——||Jyx — —J
I = Iyl € =5l v =l + =l = Jo

for every x,y € X and 7,90 > 0. Indeed by accretivity of A we get

) 1 1
1z = Jsyll < || Jx — Jsy + —— (o= Jy2) = 5y = Jsy)
v+ )
6
< A J —J
H z—y +7+5H:€ syl

25



using the fact that (J,z, %(1‘ — Jyz)) € A and (Jsz, 3(y — Jsy)) € A. Next we set for

x € D(o), 7,6 > 0:

1 ; ; .
(44) Q;j = édQ(J,YLU, Jg.ﬁl?), 1,] € Nzo.
Using (4.3) and a double induction in ¢ and j we obtain
(4.5) < L0 ,j €N

: a;; < ——@; -1+ ——=a;_1,4, 1,
5J /y_|_(5 5] 1 7+5 17,] j >0
Remark 4.3. Similarly if
(4.6) by = || Jiw — Jix|
in Remark 4.2 we arrive at
g 0 o

4.7 b < ——bij 1+ ——=b1,, i,7>1

In view of Lemma A3.1 of Appendix 3 we can estimate b; ; in terms of b;p and by ;. We

have , , - - Ly
bio =Lz — || = |[(Jix = 2) + (S o= J ") + -+ Jyo —

< (e — I
k=1
Using the fact that [J)|L, < 1 we obtain || J¥z — J2 12| < ||,z — z| for every k > 1,

hence b,y < i||Jy,x — z|. Next we make the stronger assumption x € D(A). Noticing
again that (J,z, %(SL’ — Jyx)) € A, we obtain by accretivity of A:

1
o — Jya|| < |[(x = Jyx) +~]y — ;(x = Jyo)lll =7l

for any y € Ax. It follows that

1 .
(4.8) | Az || := sup {;Hx — Jyx||:y > O} <inf{|ly]| : y € Az} < o0,
(4.9) lz = Jyzl| < y]l Az,
(4.10) bio < (i)[|Az], @ >1.
(4.11) boj < (GO)|Ax]l, 5 =1.

Notice that instead of © € D(A) we could choose z € X such that |Az| < oo.
Applying Lemma A3.1 with K := |Az||, » = 1 we obtain for m,n > 1,

(4.12) |72 — Jiz|| < || Az V (my —né)2 +~v5(m + n).

In particular choosing v := £, 6 := £ t > 0 we see that {Jf}.,2} is a Cauchy-sequence.
We denote its limit by u(t). Moreover

lu(®) = 2l < [Jult) = Jm || + | me — || < |lu— Tjz]| + t] Az
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for every m > 1. Hence ||u(t) — x| < t||Az||. In particular lim; .o u(t) = x. Finally we
obtain some regularity in ¢ by setting v := %, d:==,0<s <t Weobtain

[u(t) —u(s)l| < [|Az[l|t —s|, s,£>0
and by what preceeds also
(4.13) [u(t) —u(s)l| < [[Azfl|t —s|, s,t>0.
Hence u € Lip([0, 00); X) and
(4.14) [u]up < [ Az].

In order to find estimates for a,, , we proceed as in Remark 4.3, so we need to estimate
a;.o and Qg,j- We have

2 i
(Sl x) < (Zd J'% Jk ! ) SiZd%Jﬁx, J,I;_lx)
k=1

by the Cauchy-Schwarz inequality. We cannot use as in Remark 4.3 the inequality [Jp]rip <
1. However we have

Lemma 4.2. Let x € D(¢). Then i)

(4.15) (Jnr) < %d2(Jhx,x) + o(Jhz) < 6(x)

for every h € (0, hy).
ii) Given T > 0 there exists K := K(x,T) > 0 such that

1
(4.16) 5d?(J,ix,ac) < K(h)
for every h € (0, ho) and I > 1 satisfying

(4.17) Ih<T.

Proof. 1) (4.15) follows from (4.1) where 2z := x,y := Jyx.
ii) From (4.15) we obtain

d2<Jh£L',$) S h <¢($) — ¢(Jh$)) ,
d*(Jix, Jhx) < h (¢(Jhx) — qb(J,f:U)) ,

(T, i x) < h (6(J;'x) = ¢(J42)) |
where hl < T, 1 > 1. Adding we get
!
(4.18) > (T, T ) < b (é(x) - ¢(Jh) -
k=1

Using (4.2) we have

(4.19) —¢(Jyx) < |C1f +|Cald(z., 7) + |Cold(x, J,z).
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We estimate

l

2
P(Jlz, x) <Zd Jha, JE ) <Y d(Jfx, Ji ')

k=1
by the Cauchy-Schwarz inequality. Using (4.17), (4.18) and (4.19):

l
1 1
DY & (Jfw, I x) < (1h) [¢(x) + [Co] + |Cold(a., )] + 5CgT(Zh) + 5d2(gc, Jha),

Lh
()| Cald(z, JLa) < (1R) {W%x, sy + Mo

and (Ih)? < (Ih)T, 1> 1. Hence 3d*(Jjz,z) < K(x,T)(Ih), where

(4.20) K(2,T) := 0(x) + |G1] +|Cold(r., 2) + 5C3T.

Combining (4.5), (4.16), (4.17) and Lemma A3.1, we obtain

Lemma 4.3. Let x € D(¢), T > 0. Then, for everyt € [0,T], Jy/mx is well-defined when
m > —, and

(4.21) lim Jy @

m—00

exists. Notice that fort =0, JI} x = x. Moreover, if u(t) is defined as the limit in (4.21),

then the function u is 1/2-Hélder continuous on [0,T] and

(4.22) o(u(t)) < d(x)(< o0)
for every t € (0,T].

Proof. 1) existence of the limit in (4.21). Let t € (0,T]. Let m,n > -, v = &, § := £,
then ~,d € (0, ho), Jéaz, Jga:, 1<i<m,1<j<n are well-defined, ym = én =t < T.
Hence {a;;} defined in (4.4) satisfy Lemma A3.1 with K = K(z,T) in (4.20) and r = 1,
in view of (4.5) and Lemma 4.1. Therefore,

1, 1 1
§d ( t/mL> t/n ) < Kt m_'_ﬁa
which implies the limit in (4.21) exists in (4.21) thanks to the completeness of X. Choosing

7::%,5::%with0<s<t§T,m>hlo,weobtainbyLemmaA?).l

1
§d2( tn/1m13, Js

ts
< K\[(t—s)2+2=
/m )— ( S) =+ m7

hence
d*(u(t),u(s)) < 2K[t — s|.
Finally from Lemma 4.1, (4.16), (4.17) we obtain 1d2(JtT7m:U x) < Kt which implies
d?(u(t),r) < 2Kt. Therefore d(u(t),u(s)) < V2K|t — s|'/? for evety 0<s<t<T.
Finally we prove (4.22). In view of (4.15) ¢(J;/mz) < ¢(x), hence ¢(J? @) < O(Jyymz) <
(

o(x), m > % Since ¢ is Ls.c., we get ¢(u(?)) < lim,, . ¢(J]),z) < o(). O
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Remark 4.4. 1t follows from the proof of Lemma 4.3 that 1d?(u(t), Ji)x) < Kt\/g. This

rate of convergence is not optimal. Indeed in [AGS, Theorem 4.0.4] under assumptions
(Hy) with @ = 0 and (H>) it is shown that d*(u(t), Jj},x) < - (6(x) — i/ (x)). For related
results, we refer the reader to the interesting paper [NS].

In the next lemma we establish an estimate which is useful for weakening the condition
x € D(9).

Lemma 4.4. Let x € D(¢), y € D(¢) and T > 0. Then Jymx and Jyjny are well-defined
for every t € (0,T7] and m > h—TO and we have

(4.23) lim A, Jymy) < d(z,y).

m—0o0

Proof. As in the proof of of Lemma 4.3 we see that J/,2, Jiy/my are well-defined for
t €[0,7] and m > hlo For ¢t = 0 (4.23) is trivial. Let ¢t € (0,7] and m > hzo Set v := L.
Deleting the third term in (4.1) we obtain
1
2y
1
2y
E=1,...,m. Setting z := Jﬁx and 2 := Jﬁ_ly, adding and multiplying by v, we obtain

(d*(Jhy, z) — d*(JE 71y, 2)) < o(2) — o(JFy),

(d(JFw,2) — d*(J5 "2, 2)) < 6(2) — o(JFa),

il

& (Jjw, Tyy) — (I 2, Iy hy) < 29[6(J51y) — o ().
Summing over k from 1 to m we get

(4.24) P, TTy) < Pley) + 2 [6() — o)

Next we replace v by t/m and observe that lim,, . J[;Lmy exists by Lemma 4.3. In view

of the lower semicontinuity of ¢, {gb(JZ?my)} is bounded, therefore taking the lim,, .. in
(4.24) we arrive at (4.23). O

In the next lemma we assume z € D(¢).

Lemma 4.5. Let + € D(¢) and T" > 0. Then, for m > % and t € [0,T], Jyma is
well-defined and

(4.25) Jim Jy,2

exists. Moreover, if u(t) is defined as the limit in (4.25), then

(4.26) u e C([0,T); X),

(4.27) u(t) € D(p) fort e (0,T],
and u satisfies

(4.28) S (), 2) — 5 ult), 2) < (02— 1)[6(2) — 6o ult)]

for all 0 <ty <ty and all z € D(¢).
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Proof. Let x € D(¢), y € D(gzﬁ) m,n > ;-. We have

By Lemma 4.3 and 4.4, we obtain
0< lim d( ), Jpynw) < d(z,y) + 0+ d(x,y).

m,n— oo

Since y € D(¢) is arbitrary we get limy, oo d(J]},y, Jj},2) = 0, which implies (4.25).
Set u(t) 1= lim, oo Jf/"bmx t€0,7]. Let 0 < s <t <T. Then for m > %:

d(u(s)a U(t)) < d(“(‘s): J:}mx) + d(Js/m Js/my)
+ d(JGny, Jijmy) + ATy, i) + AT, ult)).

As above, taking lim,,_..., we obtain

d(u(s), u(t)) < d(z,y) + V2K (y, T)[t — s/ + d(x,y).

Given ¢ > 0, choosing y such that 2d(z,y) < § we find that d(u(s),u(t)) < e if |t —
s| < SK(yT whenever K(y,T) > 0. This implies (4.26). Next we prove (4.28) for t,ty
rationals. There exists s > 0 positive rational and 0 < ¢ < p € Ny such that ¢; = ¢s and

to = ps. Observe that if £ > m

(4.29) (Jop) ™ = (Jaz )™ = (J;k)q% X uty).
and
(4.30) (Jope)*e = (T )"x = (T JP'a " u(ty).
Set h:= 2, ;= Jjx, 1 > 1, 29 := x. From (4.1) (neglecting the 3¢ term), we obtain for
z € D(¢)
Lo 2
(4.31) §(d (21, 2) — (2121, 2)) + hd(z) < h(z).

Summing (4.31) over [ from [ := gk + 1 to | := pk we get

1
§(d2(:cpk,z) d*(Tgr, 2)) + R Z < (ty — t1)9(2).
l=qk+1
By (4.15) and induction we have ¢(z;) > ¢(xpr), ¢k +1 <1 < pk, hence
1

é(dz(xplﬁ Z) - d2(qu7 Z)) + (t2 - t1>¢(xpk) (t2 - t1)¢< )

Using (4.29), (4.30) and the lower semicontinuity of ¢ we arrive at

(4.32) (t2 — tr)P(u(tz)) < (t2 — t1)9(2) — %[dQ(u(b), z) = d*(u(t1), 2)].

This implies ¢ o u(ty) < oo and (4.28) for 0 < t; < t5 rationals. Now let 0 < ¢; < ¢,
with ¢; real numbers and ¢, rational. We approximate t; by ¢, < ti, t1, rationals
and obtain (4.32) with 0 < ¢; < t3, ¢ rational. Finally approximating ty by ta, > #;
rationals and using again the lower semicontinuity of ¢ we arrive at (4.28) showing that
¢ ou(ty) < oo for any t5 > 0, hence (4.27). O
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Finally combining Lemma 4.5 with Proposition 1.1 of [CD1] we arrive at

Theorem 4.1. Let (X,d) be a complete metric space and let ¢: X — (—o00,+00] be
proper and lower semicontinuous. Assume (A) and let hg > 0 be as in (A). Then
for every t > 0 the operator Jy/m: D(¢) — D(¢) of Definition 4.1 is well-defined when

m > hio Moreover, limy, .o (Jim) " exists for every x € D(¢). If u(t) is defined as the
limit above, then u € C((0,00); X), pou € L}, (0,00) and u is a solution to (EVI) where

J = (0,00) and o = 0. Moreover, lim;_ou(t) = x and u is the only solution to (EVI)
where J = (0,00) and o = 0 having = as initial value. The following additional properties

of u hold.

(4.33) pou(t) < oo for everyt >0,

(4.34) pou: (0,00) — R is nonincreasing
and

(4.35) () = Pr%gb o u(t) whenever ¢(x) < oo.

The function u satisfies

(4.36) SPult), 2) — 2 (uls),2) < (t — 9)[6(2) — olu(t)]

for every 0 < s < t, and every z € D(¢); Moreover u|q.y € AC([a,b]; X) for every
0 <a<b (hence [a,b] 3t — +d*(u(t),z) € ACla,b] for every z € D(¢)) and for every
z € D(¢):

(4.37) ——d*(u(t), 2) + d(u(t)) < ¢(z), a.e. in (0,00).

Moreover, for every h > 0 the function v(t) :== u(t+h), t > 0 is a solution to (EVI) with
J =(0,00) and o = 0, having u(h) as initial value. Finally if we set
St)x:= lim Jj, x, t>0

S(0)z : =z,

then S(t): D(¢) — D(¢) for every t >0 and

S(t+s)=295()S(s), t,s>0
4.38
(4.38) { S(0) = Iy
(4.39) d(S(t+ h)x, S(t + h)y) < d(S(t)z, S(t)y)

for everyt >0, h >0, and x,y € D(¢), and finally

(4.40) [0,00) 3t — S(t)xr € C(]0,00); X)

for every x € D(¢). The family {S(t)}i>o0 of operators on D(¢) is called a Cy-contraction
semi-group of operators on D(p).
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Proof. 1t follows from Lemma 4.5 that u € C([0,00); X), u(t) € D(¢) for every t € (0,T]
and v satisfies (4.28) on (0,7") for every T > 0. Hence u € C((0, 00); X)) satisfies assertion
(A4) in Proposition 1.1 of [CD1] with @ = 0. Moreover, lim; ,cu(t) = x by Lemma
4.5. Then all conclusions of Theorem 4.1 except (4.35), (4.38) are direct consequences of
Proposition 1.1 of these notes and Proposition 1.1 of [CD1]. Concerning (4.35) we have
by (4.22), ¢(u(t)) < ¢(x) for all ¢ > 0. Since u is continuous at 0 and ¢ is l.s.c, we have
for t, | 0, ¢(x) = ¢(u(0)) < lim, . ¢ owu(t,). Hence ¢p(x) = lim, o ¢ o u(t,). Finally
we establish (4.38). Let x € D(¢). Set u(t) := S(t)x, t > 0, then u is a solution to (EVI)
with initial value z. As a consequence of Proposition 1.1 of [CD1] u satisfies (4.37). Given
s > 0 set v(t) := u(t + s). It follows that v € C([0,00); X), v(0) = u(s) = S(s)zx and it
is easy to see that v satisfies (4.37). Again by Proposition 1.1 of [CD1], v is a solution
to (EVI) on (0,00) with initial value v(0) = u(s). As a consequence of Proposition 1.1
we have v(t) = S(t)v(0), t > 0. Indeed d(v(t),S(t)v(0)) < d(v(t'),S(t')v(0)) for every
0 < t’ < t, hence by taking the limit as ¢ — 0 we obtain

0 < d(v(t), S()v(0)) < d(v(0), S(0)v(0)) = 0.

Therefore S(t)S(s)x = S(t)u(s) = S(t)v(0) = v(t) = u(t +s) = S(t + s)x, for t,s > 0.

Since © € D(¢) is arbitrary, the first assertion of (4.38) is proved. The second being
trivial, the proof of Theorem 4.1 is complete. O]

Appendix 1

Definition A1.1. Let (X, d) be a metric space and a,b € R with a < b. A function
w: [a,b] — X is called absolutely continuous on [a, b] if to each € > 0 there corresponds a
d > 0 such that, for all positive integers n and all families (a1, by), ..., (an, by) of disjoint
open subintervals of [a, b] of total length at most J, we have

(A1.1) > " d(u(ar), u(by)) <e.

The collection of all such functions is denoted by AC([a, b]; X).
Observe that AC([a,b]; X) C C(a,b]; X).

We recall a fundamental result of real analysis.

Theorem A1l.1. i) Let u € AC([a,b]);R). Then u is differentiable a.e. in (a,b), u' €
L'(a,b) and

(A1.2) /t W (r)dr =u(t) —u(s) forall a<s<t<hb.

ii) Let f € L*(a,b). Then the function t — u(t) = f; f(r)dr is absolutely continuous
on [a,b] and u/'(t) = f(t) a.e. in (a,b).

Remark Al1.1. ([ABHN, Corollary 1.2.7]) The following generalization of Theorem Al.1
holds. Let X be a reflexive Banach space (in particular a Hilbert space).

(i) If u € AC([a,b]; X) then v is strongly differentiable a.e. in (a,b), v’ € L*(a,b; X) and
(A1.2) holds where the integral is a Bochner integral.
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(ii) If f € L'(a,b); X), u(t) := f; f(s)ds, t € [a,b], then u € AC([a,b]; X) and u/(t) =
f(t) a.e. in (a,b).

The following characterization of absolute continuity will be very useful.

Theorem A1.2. Let u : [a,b] — X, (X,d) a metric space. Then u € AC([a,b]; X) iff
there exists m € L'(a,b), m > 0, such that

(A1.3) d(u(s),u(t)) < /tm(r) dr  forall a<s<t<hbh.

Moreover, if u € AC([a, b]; X),

o d(u(t+h) u(t))
|al(t) == 1111£>r(1) 1|

exists for almost all t € (a,b), |u| € L'(a,b),
¢
d(u(s),u(t)) < / |a|(r)dr, a<s<t<b,

and if m satisfies (A1.3), then |u|(r) < m(r) a.e. |u|(t) is called the metric derivative of
w att.

Corollary A1.3. If u € AC([a,b]; X), then the function t — d*(u(t),z) belongs to
AC([a,b];R) for every z € X.

Appendix 2

The aim of this Appendix is to recall, mostly without proofs, some results concerning
functions of bounded variation.

Let (X,d) be a (not necessarily complete) metric space. Let a,b € R with a < b and
let u: [a,b] — X. Given a partition 7, a =ty <t; < ... <t, =b, let

V(mu) = Z d(u(ti—1), u(t;)).

Then w is said to be of bounded variation (with respect to the metric d) if sup V(7;u) < oc.

We denote by BV([a, b]; X) the collection of all X-valued functions which are of bounded
variation. We use the notation

(A2.1) V(u; [a, b)) :=sup V(m;u) over all partitions 7 of [a, b].

s

Clearly if u € Lip([a, b]; X') then u € BV([a,b]; X) and V (u; [a,b]) < [u]Lip(b—a). Asin the
case X = R one shows that if u € BV([a,b]; X) and ¢ € (a,b) then u|,q € BV([a, c]; X),
uliey € BV([c,b]; X) and

(A2.2) V(u; [a,b]) = V (uljq; [a, ) + V (ulie; [, b])-
We shall denote by V,(t) the real-valued function defined by

(A2.3) Vu(t) ==V (u;la,t]), tE€la,b].
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We have fora < s <t <b
(A2.4) d(u(s),u(t)) < Vu(t) — Vu(s) = V(u;[s, t]).

The function V,(-) is nondecreasing and satisfies V,(a) = 0.
Let v : [a,b] — X. If there exists a nondecreasing function M : [a,b] — R such that

d(v(s),v(t)) < M(t) — M(s)

holds for all a < s <t <b, then v € BV([a,b]; X) and V,(t) < M(t) — M(a), t € [a,b].

It follows from (A2.4) that if u € BV([a, b]; X), then the set where u is not continuous
is at most countable. Also if V,(-) is continuous then clearly u is continuous. On the
other hand, it can be shown as in the case X = R that if u is right (resp. left) continuous
at t € [a,b] then V,,(-) is also right (resp. left) continuous at ¢.

The next lemma is useful.

Lemma A2.1 ([Br73], Appendix). Let u € BV([a,b]; X). Then we have for all h in
(0,b—a)

(A2.5) /bh d(u(t),u(t + h)) dt < RV (u;[a,b)).

Proof. Since the set of discontinuity of u is at most countable, the same holds for the
bounded functions ¢ — d(u(t), u(t +h)), t — V,(t) and t — V,(t + h) on [a,b— h|. Hence
these functions are integrable. Using (A2.4) we have

/b_h d(u(t), ult + b)) dt < /b_h Vi(t + h) — Vi(t) dt

b b—h b
— [ i~ [ viar< [ Vi< ivie) = wwlad). ©
a+h a b—h

A function u € C(]a, b]; X) is not necessarily of bounded variation but if u is absolutely
continuous, then it is of bounded variation and V,(-) € AC[a,b] as in the case X = R.
Conversely, if u € BV([a, b]; X) and V,(:) € AC|a, b] then u € AC([a, b]; X).

Let v : [a,b] — X be such that there exists a function M : [a,b] — X nondecreasing
and absolutely continuous. Then by what precedes we have v € BV([a, b]; X) and V,(¢) <
M(t) — M(a), t € [a,b]. It is easy to verify that V,(-) € ACJa, b] hence v € AC(][a, b]; X).
Notice that M is absolutely continuous iff there exists m € L'(a, b) nonnegative such that
M(t) — M(s) = fst (r)ydr, a < s <t <b. It follows that for v : [a,b] — X we have
v € AC(]a, b]; X) iff there exists m € L'(a, b) nonnegative such that

(A2.6) /m dr, a<s<t<b.

In this case (A2.6) implies V, (%) ) < f ) dr, hence

d
/%Vv(?”)dTS/m(r)dr, a<s<t<b.

It follows that £V, (r) < m(r) a.e. in (a,b).
We conclude this Appendix by showing that if u € AC([a,b]; X), then the metric
derivative |u|(t) (see Theorem A1.2) exists for almost all ¢ € (a,b), || € L'(a,b) and

jal (1) = &

pr Vu(t) a.e.in (a,b).
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Proof ([AGS], Theorem 1.1.2). Let u € AC([a, b]; X) and let N, be a subset of (a,b) with
measure zero such that 2V, (t) exists for every ¢ € (a,b) \ N,. Since u([a,b]) is compact
in X, it is separable. There exists a countable subset E of u([a,b]) which is dense in
u([a,b]). For every e € E the functions d(e,u(-)) € AC[a,b] and let N, be a subset of
(a,b) with measure zero such that £d(e,u(t)) exists for every t € (a,b) \ N..

Set N := N,U |J N.. For t € (a,b) \ N set
eck

id(e,u(t))( and ((t) =0, t € N.

((t) :=sup pn

eceFE

Then ¢ is nonnegative and measurable. We have

d(u(s),u(t)) = sup|d(e,u(s)) — d(e,u(t))| < / Ur)dr, a<s<t<hb.

eck
Let t € (a,b) \ N. Then

((t) = sup lim [ (e, u(t) — dle, u(s))| _

ecFE s—t |t_3| _E |t_5|

<l PO VO _ 4y )
s—t ‘t - S’ dt

It follows that ¢ € L'(a,b). Let N; be a subset of (a,b) of measure zero such that every
t € (a,b) \ Ny is a Lebesgue point of ¢. For every t € (a,b) \ Ny, we have

i ALl u0) ey

s—t |t—8’

Hence for every t € (a,b) \ (VU N;) we have
e dluls), du(t) _ o dluls), du)

s—t [t — s| st |t — s

< —Va(t).

d
dt
Therefore on this set the metric derivative |u|(t) exists and |u[(t) = £(t) < 4V, ().

On the other hand, since d(u(s),u(t)) < fst ((r)dr, a <t <s<b, wehave LV,(t)
((t) a.e. in (a,b). It follows that |u|(t) = £V, (t) a.e. in (a,b).

L IA

Appendix 3

The purpose of this Appendix is to state and prove a lemma which is used in the proof
of Remark 4.3 and Lemma 4.3. It is a (symmetric) variant of a lemma due to Crandall-
Liggett [CLT1].

Lemma A3.1. Let r,v,d, K be real numbers satisfying

(A3.1) 0<r<2, ~,0,K>0.
Let m,n be positive integers. Let {a; ;}o<i<m be nonnegative real numbers satisfying
0<j<n
Y . .
A3.2 <+ ——ai1, 1<i<m, 1<j<n,
( ) a7]_7+5aj1 7+5a 1 <i<m, 1<j<n
(A3.3) a0 < K(iy)", 1<i<m,
(A3.4) ap; < K(jo)", 1<y <n.
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Then for 1 <i<mand1 <j5<n

(A3.5) a;; < K[(iy — j6)> +7o(i + )]

Proof. Case r = 2. Let ¢;; == (iy — jO)> +v6(i + 7), 0 <i <m, 0 < j <n. Then ¢;;
satisfies (A3.2) with equality. Indeed,

-1+ 5 G-l

7+6C v+

:#[((Z’Y — ) +6)> +v6(i + j) — 0] + % [((iv = §6) — 7)2 +76(i + 5) — 7]

=( ! +L> [(i7y = J8)* + 76 (i + ) — ]

y+o6 49
276 , 296 . . 762 o)
—jo) — —jo
+’y+5(w 79) 'y+(5(w ‘7)+7+5+7—|—(5
0+
ZCi’j_75+m 5201"]'.

Therefore a; ; — Kc¢; ; satisfies (A3.2).
Moreover,

aio— Keigp < K(iv)? — K(iv)* — Kind <0, 1<i<m,

CLOJ‘ — KCO’]‘ S K(](S)Z — K(]5)2 — K]’}/é S O, 1 <] <n.

An easy double induction argument for ¢ and j implies that
aij —Keij <0, 1<i<m,1<j<n

which is (A3.5).
Case 0 < r < 2. Set b;; = (a;;)*/". Since 2/r > 1 we have

) 2/r J
bij = (a:;)?" < (% @ j-1+ SN az;l,j) < VL bij—1 + P

by Jensen’s inequality. Moreover
bio < K¥"(iy)?, 1<i<m, and by; < K"(j6)?, 1<j<n.

Since a; ; = (b;;)"/?, the result follows from case r = 2. ]
Appendix 4

The aim of this Appendix is to state without proofs some results of the theory of “nonlinear
semigroups” on Banach and Hilbert spaces.
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Notation

Let X be a nonempty set and let A, B C X x X.

D(A) :={x € X : Jy € X such that (z,y) € A}

R(A) :={y € X : 3z € X such that (z,y) € A}

A = {(y,7) € X x X : (z,y) € A}
I={(z,z) e X x X :2 € X}

Ao B :={(z,y) € X x X : 3z € X with (x,2) € B and (z,y) € A)}

Let X be a real vector space. If A, B C X x X, and A € R, one sets

A+ B:={(z,ytz):(z,y) € A, (x,2) € B}
M = {(z, \y) : (z,y) € A}

Let (X, ]| - ||) be a normed space.

Definition A4.1. A nonempty subset B of X x X is called accretive (—B dissipative)
if, for every A > 0,
(I+AB)':R(I+)\B) — X

is single-valued (i.e. (I + AB)~ 'z is a singleton for every z € R(I + AB) or, equivalently,
(I + AB)~! is the graph of a function from R(I + AB) into X. By abuse of notation we
shall also denote the element of this singleton by (I + AB)~!x), and we have

I(Z +AB) "y = (I + AB) || < ||z — 2|

for every 1,29 € R(I + AB).
Remark A4.1. Clearly a nonempty set B C X x X is accretive iff

21 — 22| < [[(21 — 22) + A1 — 1)

for every A > 0 and every (x;,y;) € B, i =1,2.

Remark A4.2. 1f B is accretive then A\B + ul is also accretive for A\, > 0. In particular,
if A C X x X is such that A + wI is accretive for some w € R, then (I + AA)™! is the
graph of a function whenever A\ > 0 satisfies wA < 1.

Theorem A4.2 ([CL71]). Let (X, ||-||) be a real Banach space and let A C X x X be such
that there exists w € R for which A + wl is accretive. Suppose that there exists Ag > 0
such that

(A4.1) R(I + A\A) 2 D(A)
for all X € (0, \), where D(A) denotes the closure of D(A) in (X, -|).
Then

(A4.2) lim [(1+£A) ] e

n—oo

ezists for x € D(A) and t > 0.

Let S(0)x = z and S(t)x be the limit in (A4.2) for x € D(A) and t > 0. Then
{S(t)}i>0 is a Cy-semigroup on D(A) which satisfies [S(t)|Lip < €', t > 0. Moreover, if
x € D(A) and u(t) := S(t)x fort >0, then uljpr € Lip([0,T]; X) for every T > 0.
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Next (for simplicity) we suppose in addition that the set A C X x X satisfies instead
of (A4.1) the stronger assumption

(A4.3) R(I+XA) =X
for all A > 0 such that wA < 1. Then the following holds:

(i) If u defined above is strongly right-differentiable at some ¢ € [0, 00), then

+
(A4.4) u(t) € D(A) and - Ccll—tu(t) € Au(t).
(i) If v € C(]0,T]; X) for some T' > 0 satisfies
(A4.5) v(0) € D(A),
(A4.6) ve AC([e, T]; X) for every e € (0,7),
(A4.7) v is strongly differentiable a.e. in (0,7,
(A4.8) v(t) € D(A) a.e. in (0,7),
(A4.9) —%v(t) € Av(t) a.e. in (0,7,
then

v(t) = S(t)v(0) for every t € (0,T].

Hilbert space case (see [Br73] and references)

If A+ wl is accretive for some w € R, if assumption (A4.3) holds and x € D(A), then
t — S(t)x is right-differentiable for every ¢ > 0.
If moreover A + wl is the subdifferential of a proper, lower semicontinuous, convex

function ¢ : X — (—o0,+00| and z € D(A) then t — S(t)z is right-differentiable for
every t > 0.

Appendix 5

Lemma A5.1. Let ¢ : X — (—o00,400] be proper, l.s.c. and conver. Then there exist
be X and c € R such that

(A5.1) P(z) > (byx) +¢, zeX.

Proof. Consider the epigraph of ¥ defined by epi(¢) := {(z,t) € X xR : ¢(z) < t}. Since
Y is proper, epi(¢)) # &. Moreover, epi(t)) is convex in view of the convexity of ). We
introduce the innerproduct ((-,-) in X x R defined by ((x1,t1), (xe,t2))) := (z1, x2) +t1ts.
Clearly (X x R, (-, ) is a Hilbert space. The subset epi(¢) is closed in X x R as a
consequence of the lower semicontinuity of ¢. Let zq € D(¢) and ty < (o). Then
(x0,t0) ¢ epi(y). By the projection theorem on closed convex sets in Hilbert spaces, there
exists a unique element (Z,t) € epi(v) satisfying

(A5.2) (r—T,20—T)+ (t—1)(tog — 1) <0
for every (x,t) € epi(v)).
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Choose © = zg and t > ¢(xg) in (A5.2). Since 0 < (xg — T, z9 — T) we see that tog — ¢
cannot be zero. Moreover, choosing ¢ > ¢ shows that ¢y — ¢ has to be negative. Finally,
choosing = € D(¢) and t = ¢(z) in (A5.2) we obtain (A5.1) with

1 _
b= = T—x and c:=t+ = T,T — Xg) -
t—to( 0) t—t0< 0)

Clearly (A5.1) holds for x € X \ D(¢). O
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