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Preface

The aim of these Lecture Notes is to provide an introduction to the theory of gradient flows
in probability spaces developed in the second part of the book by Ambrosio-Gigli-Savaré
[2]. The main objective is to show that the solution to the heat equation on R¢, having
a Borel probability measure with finite second moment as initial value, satisfies a certain
evolution variational inequality (EVI) introduced in the first part of [2]. To be more
precise, let (X, d) be a complete metric space, let ¢ : X — (—o00, +00] be not identically
+o00o and lower semicontinuous, and let o € R. A continuous function u : (0,00) — X is
called a solution to (EVI) if it satisfies

(1) ¢(u(t)) < oo for every t > 0,

(i) et (d(u(ts), 2))? — Lot (d(ultr), 2))? < (J* e dt) (6(2) — H(u(ts))) for every 0 <
t1 <ty and every z € X such that ¢(z) < oo.

Equivalent formulations can be found in [2], [12] and [11]. It can be shown that
there exists at most one solution to (EVI) satisfying a prescribed initial value wuyg, i.e.

Pr% u(t) = wp in z. It is relatively easy to show that the solution to the heat equation
—

on R? with initial value f € L*(R?) given by

w0 = [ e ) dy,

for t > 0 and x € R?, satisfies (EVI) with X = L?(R?) equipped with its usual metric, ¢
the Dirichlet functional, i.e.

olg) = 3 Joa [Vgl3dz when g € WH2(RY),
9= +00 otherwise

and o = 0 (see e.g. [8]). In their celebrated paper Jordan, Kinderlehrer and Otto [16]
showed that the Fokker—Planck equation, in particular the heat equation, can be inter-
preted as a gradient flow in the space Py(RY), the space of Borel probability measures
on R? with finite second moment, equipped with the L,-Wasserstein metric Ws (-, -), for a



certain functional ¢. In the case of the heat equation 0;p:(z) = Ap:(z), they showed that
this functional is the negative of the Gibbs-Boltzmann entropy functional

(GBE) o(p) = / ol o pl) d.

It follows from the theory developed in [2] that the curve (0,00) > t — u; € Po(R?), with
density p; given by

1
pt(z) = \/]Rd (47Tt)d/2 e la=vl3/(4) d,UO(y)7 t> 07 LS Rd7

where py € Po(RY), satisfies (EVI) with the Lo-Wasserstein metric, the functional (GBE)
and a = 0.

Surely there are several ways to prove this result. We have chosen for a way which
does not make use of the existence theory for (EVI) since we already have a candidate
for a solution. Therefore these Lecture Notes are independent of the Lecture Notes (II).

In Section 1 we recall the definition of the Wasserstein metric Ws(+, -) and show that the
heat equation induces a Cy-contraction semigroup on (Py(R%), Wy (-, -)). We also give some
properties of the metric Ws(-, ) which are useful in the sequel. Finally we show that the
curve t — y; defined above is a (locally) absolutely continuous curve in (Po(R%), Wy(-,-)).

In Section 2, we give a representation formula for the derivative of the (locally) abso-
lutely continuous real-valued function (0,00) 3 t — (W (u,0))? where o is any element
of Po(R?). This approach motivates the study of Theorem 8.4.7 of [2] which treats the
case of an arbitrary (locally) absolutely continuous curve in L,-Wasserstein spaces. For
the derivation of this representation formula we need basic results of the theory of Optimal
Transport which are used without proofs, but precise references are given.

In Section 3 we first establish conditions which should be satisfied by the functional
in (EVI). In particular, we show that under mild assumptions the functional should be of
the form given in (GBE). This functional is defined in a precise way in Section 3.3.

In Section 3.1 we also recall a theorem of Daneri-Savaré [12] which shows that the
functional should satisfy what is called the “displacement convexity” property. This very
interesting notion, introduced by McCann in [17] plays a very important role in the study
of the “sub-differential” of the functional ¢ and of its approximation in Section 3.2. The
final result essentially follows from a combination of the representation formula men-
tioned above, and of the expression of the “sub-differential” of the functional. It is worth
mentioning that the approach used in these notes can be used for other equations than
the heat equation. Nevertheless, it would be interesting to know whether there exists a
“short” proof of the main result stated in Theorem 3.1.
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1 Heat flow in spaces of probability measures

1.1 Heat flow in the space of probability measures
d
(P(R )’ IB(’ ))
Let R? be the d-dimensional euclidean space with innerproduct (-,-) and corresponding
norm |- | and let B(R?) denote the collection of all Borel subsets of R%. Let P(R?) denote
the set of all Borel probability measures on R? and let N(0,¢[), t > 0, denote the Gaussian

probability measures on R? with mean 0 and covariance matrix ¢/. In particular, N(0,0)
is 0p, the Dirac measure at 0, and for ¢t > 0, N(0,¢I) is the measure with density

1 —’95‘% d
1.1 - ( ) t>0, RY,
(1.1) nle) = mopim P re

We recall that if p;, s € P(R?), the convolution of p; and po, denoted by gy * g,
defined by

(1.2) <mwmm:/mw—mmw,3ewW>

Ra

is again an element of P(R%). In particular, u; * 8y = u1. Moreover, for juy, o, i3 € P(R?)

we have gy * (pg * pg) = (p1 * p2) * pz and iy % iy = fg * fuy.
We also recall that the Gaussian family of measures { N (0, t])};>¢ satisfies the “infinite
divisibility” property, namely

N(O,(t+s)I) = N(0,tI)« N(0,sI), t,s>0.
As a consequence, the family of mappings (operators) Ss(t) : P(RY) — P(R?) defined by
(1.3) Ss(t)po = po * N(O,B11), ¢ >0,
where 3 is a positive number, and py € P(R?), satisfies the semigroup property

Sﬁ(t + S) = Sﬁ(t) (55(8)), t,s > 0,

(14) 5:(0) = 1.

where I denotes the identity operator in P(RY).
We shall also use the notation

(L5) = Ss(Opo, £ > 0.

Observe that for ¢ > 0, p; is absolutely continuous with respect to the Lebesgue measure
Mg on R and that its density denoted by p, satisfies

(16) p@) = [ pate =) mldy). xR

The subspace of P(R?) consisting of absolutely continuous measures with respect to
Mg will be denoted by P%(R?). We use the notation u = p - \g for u € P*(RY) and p its
density in L*(R?).

As a consequence of (1.6) we have

(1.7) Ss(t)P(RY) Cc PY(RY), ¢>0.
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Next we recall that the function (0,00) x R? 3 (¢,x) — pi(z) € R is C*, satisfies the heat
equation

(1) o o) =5 doue),
(1.9) W > pi(xz) >0 and /Rd pi(x)dx = 1.

The semigroup {Ss(t)}i>o will be called the heat semigroup on P(R?). We investigate
further continuity properties of this semigroup.

Let us first consider the case where the “initial value” po € P*(R%). Let py € L'(RY)
be such that 1o = po - Ay and let p; be given by (1.6) for ¢t > 0, then it is known that the
map [0,00) 3 t + p; € LY(R?) is continuous with respect to the L'-distance. Let

D::{pELl(Rd):pEO and/pdyczl}

Rd

and let J : P*(RY) — D be defined by Ju := p, where p is the density of u. For
pt, pu? € PYRY) set

dry (p', 1) / |Ju' — Ju?| da.

Using the fact that J is a bijection and that D is a closed subspace of L'(R%), one
verifies that (P*(R%), drv(-,-)) is a complete metric space and that for pg € P4(R?)

[O, OO) S5t — Sﬁ(t),uo € (P(Rd>, dTV)
is continuous. Using Young’s inequality for convolutions we have
dry (Ss(t)u', Sp(t)p?) < drv(p', i), >0,

where u', p? € P(RY).
We introduce the following definition.

Definition 1.1. Let (X, d) be a metric space. A family {S(¢)};>0 of mappings (operators)
from X into X satisfying

(i) the semigroup property

S(t)(S(s)x) =S(t+s)x, t,s>0, xe€X,

(ii) the contraction property

d(S(t)z', S(t)z?) < d(z',2?), t>0, z',2° € X,

(iii) the continuity property

[0,00) 5t S(t)zr € X is continuous, x € X,

is called a Cy-contraction semigroup on X.



In particular the heat semigroup on (P, (X),drv(-,-)) is a Ch-contraction semigroup.

We now consider the case where 1y € P(R?).

First we show that the metric dry(-,-) is the restriction to P4(R?) of a metric, still
denoted by dry(,-), called “total variation” metric and defined on P(RY). We shall
see that the heat semigroup on (P(]Rd), dry(-, )) is a contraction semigroup but not a
Co-semigroup. Given pt, u? € P2(R?) with pu' = f*- Ay, i = 1,2, we have by definition

drv(p', 1) = / [f! =[] de.
Rd
Notice
/ If = f2‘d$—sup ‘/ fzgda:’: g € BO(RY), Hg”‘”gl}’
where BC(R?) is the space of bounded continuous real-valued functions on R?, and R

is the supremum norm.
This leads to the following definition:

(1.10) dov (i, 1) = sup{ gdy! —/ gd,f( . g € BO(RY), |gll. < 1}.
R4 R4

It turns out that (P(R?), dyv(-,-)) is a complete metric space and that P2(R?) is a closed
subset. Moreover, dpv(u', u?) is the total variation of the signed measure p' — p? [13].
We also recall that in (1.10) one can replace the space of test functions BC(R?) by the
smaller space BL(R?), the space of bounded Lipschitz continuous real-valued functions
on R?. Now we show that

(1.11) drv(Ss(t)ut, Ss(t)u?) < dpy(u', pu?)  for every t > 0, b, u? € P(RY).
Let g € BC(R?) with ||g|| ., < 1. Noticing that

/ 9(x + 9)lpss(x) dedii(y) < 1, i=1,2,
Rd Rd

we have

T
o

(@)(Soltn") o) = | @) (S5(00") (o)

— /Rdg(x)/ pau(x — )d,u()da:—/ gz )/ poe(z — y) du’(y) do
— /Rd /Rdga:—kypﬁt x) dx dpt (y /]Rd/ (z +y)ppe(x ) dx dp®(y )‘
— /Rd</Rdg:p+y dut(y) — Adg(x+y)du2(y))pﬂt($)d$

gz +y)du'(y) — / g(z +y)dp*(y ‘pﬂt

IN

/ (e iPpanly) dy = drv 4,
R

Taking the supremum over g we obtain (1.11).
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Next we consider the continuity of ¢ — p; defined in (1.5). This function is continuous
on (0,00). Indeed, given ¢t > 0, ¢, > £, n > 1, with ¢, — ¢, we have

dry (p,,» ) = dov (Sp(tn — 5)Sp(5) 10, S8(5)Ss(5) 1m0) — 0,

since Sg(%)po € P*(R?) and S3(-) is a Co-semigroup on (P*(R%),dry(-,-)). Clearly the
function ¢ +— py is continuous at 0 if py € P%(R?) and cannot be continuous at 0 if
1o & P*(R?) since P*(R?) is closed in (P(RY), drv(-,-)).

There exists on P(R?) a weaker notion of convergence, the “narrow convergence”, for
which the function ¢ — p; is continuous at 0. We recall

Definition 1.2. A sequence (u") C P(R?) is narrowly convergent to p € P(R?) as
n — oo if

(1.12) lim g(x)du™(z) = / g(x)du(z) for every g € BC(RY).

n—oo R4 R4

We shall use the notation pu™ = p for narrow convergence. We recall (see [2]) that in
(1.12) the class BC(R?) can be replaced by the smaller class C2°(R9).

Notice that the narrow convergence only depends on the topology (open sets) of R?
and not on the specific (euclidean) metric. We recall an equivalent definition.

Let (u*) C P(R?) and p € P(RY). Then pu" = p iff

(1.13) / () du(r) < im [ ge)d ()

n—oo JRd

for every function g : R? — [0, oo] such that {x € R?: g(z) < ¢} is closed for every ¢ € R
(lower semicontinuity, 1.s.c).

Since for pt,p? € P(RY), [pugdp' = [pagdp® for every g € BC(R?) (equivalently
g € C*(RY)) implies ut = p?, it follows that u™ = p and p" = 71 implies u = [i.

The narrow convergence can be characterized by metrics on P(R?) ([13]). In these
lectures we shall use the so-called 8 metric ([13]) defined as follows. Let u!, u? € P(R9),
then

(L14) B(u',p?) = Sup{‘/Rdgdul — /Rdgduz) : g € BLRY), [lgllo + lglup < 1},

where in (1.14) [g|Lip is the Lipschitz constant of g. Using what precedes it is easy to
verify that 3(-,-) is a metric on P(R?) and that

(1.15) Blu', p?) < doy(p',p1?),  p',p? € P(RY).

Moreover, if (") C P(R?), u € P(RY) and lim B(p™, ) = 0, then p™ = . It turns out
n—oo

that the converse is also true, i.e. u™ = p implies S(u", ) — 0 (see [13], [14]). In the
next proposition we collect properties about the space (P(R?), 3) and the heat semigroup
on P(R?).

Proposition 1.1. (i) The space (P(R?),3) is a complete metric space.

(ii) Convex combinations with rational coefficients of point measures &, with x € Q% are
dense in (P(R?), B). In particular, (P(R%), 8) is separable.



(iii) A subset C C P(R?) is relatively compact with respect to the metric 3 iff for every
e > 0 there emists K. compact subset of R? such that for every pu € C we have
w(R\ K,) < e (tightness).

(iv) W' = piff fpagdp™ = [gagdp for every g € CX(RY) <= B(u", p) — 0.
(v) B(ut, 1) < doy(pt, p?) V', p* € P(RY).
(vi) Blo* p' o x ) < B(u', p4?) for every o, p', u? € P(R).
(vid) lim B(N (0, 1), do) = 0.
(viii) The heat semigroup on (P(R?),8) is a Co-contraction semigroup.
(ix) PYR?) is dense in (P(RY), B).
Proof. (i), (ii), (iii), (iv) see [13, Section 11], [14], [2] for the first equivalence in (iv).

(v) is trivial.
(vi) Let g be as in (1.14). Then

[ oo = [ gdtoes)
// (z +y)dp'(z) do(y /Rd/w (x +y) du’( )da()‘

< [N st +nan@ = [ o+ die)]do)
Blp', p*) do(y) = Bu', ).

Rd

Taking the supremum over g we get (vi).
(vii) Let g be as in (1.14) and € > 0, t > 0.

[ sty = g0)] = | [ (o) = 0)pe) ]

< /3(076) lg(x) — g(0)|pe() d + /Rd\B(O,s) lg(z) — g(0)|pe(x) dz:

Taking the supremum over functions g and ﬁ we obtain
—

<
%I_IBB( (07t1)750) =6,
which implies (vii).

(viil) (vi) implies the contractivity of Ss(t), t > 0, which together with (vii) implies
the continuity of ¢ — u; on [0, 00).

(ix) follows from Sg(t)(P(RY)) C PR%), t > 0, and the continuity of ¢ — s at
t=0. [l



1.2 Heat flow in the space of probability measures
(Pp(Rd)’ Wp(" ))

In the preceding section we have seen that the heat flow in P(R?) satisfies
(1.16) F(@)S5(t) pold) =3 [ f(x) po(d)
R R

for every o € P(RY) and every f € BC(R?). In this section we shall show that the class
of functions f for which (1.16) holds can be enlarged provided that the initial measure p
possesses a finite absolute p-moment, i.e. satisfies

(1.17) Jp > 0 such that my,(uo) := / |5 dpo(z) < oc.
R4

We shall prove that in that case (1.16) holds for continuous functions f : R? — R with
p-growth, i.e. functions f : R? — R satisfying
(1.18) 3C, Cy > 0 such that |f(z)] < Oy + Cylzfh, z € R

It will be shown in Section 1.3 that this convergence can be induced by a metric.
We introduce the notations

Pp(RY) = {pn € P(R?) : my(p) < o0},

(1.19) Pe(R?) == P,(RY) N P*(R?) for p > 0.
We have
(1.20) my(6,) = |zfh, x€RY  p>0,
and

my(N(0,t1)) = apq t"?, t,p>0

where a4 = 27>\ 7=4/2 4V, r<p+—d>
(1.21) 7;—7 if d=2n
and Va = 2 ifd=2n—1

1-3-5---(2n—1)

In particular
ma(N(0,t1)) =dt, t>0.

Now we show that P,(R?) is invariant under the heat semigroup Ss(-). More generally
we have

Lemma 1.1. Let p > 0 and let p, o € Py(R?). Then
(122 (0 % 1) < Pmy(r) + 2y,
In particular, for py € Pp(RY) and t > 0:

(1.23) my(S5(t)) < 2m, (N (0, BLD)) + 2'my (o) < .



Proof. Setting f,,(z) := |z|5 A n, n > 1, and noticing that f,, € BC(R?), we have for
t>0:

[ ms@do i@ = [ [ fuolet)dote)duty

< [ ] @lelg At 2lyls A m)do(a) duty) < 2y (o) + 2w
Rd JR4

Then (1.22) follows from the monotone convergence theorem and (1.23) is a consequence
of (1.22) and (1.21). O

Next we introduce a metric on Pp(Rd), p > 1, which is stronger than the § metric.
Set
A:={g € BL(R!) : [|g, + [g]uip < 1}.

Let p > 1 and p', u? € P,(R?). Then

Blut, p?) = SUP{‘/Rdngl - /Rdgcl;f’ L9 € A}-
Notice that
(1.24) / gdp' — / gdp* = / (9(x) = 9(y)) dy(z,y)
R R R xR
where 7 is any Borel probability measure on R? x R? (y € P(R¢ x RY)) satisfying
(1.25) V(A xRY) =t (A), ~F(R? x A) = p?(A) for every A € B(R?).
We shall use the notation
(1.26) D(pt, p?) == {y € P(R? x RY) : (1.25) holds}, for p*, u? € P(R?).
Clearly we have
(1.27) pt@p® e Tt p?).
One verifies that if 4! and/or p? is a Dirac measure then

(1.28) D(u', p?) = {u' @ p?}.

We can estimate the left hand side of (1.24) as follows (recalling that p > 1 and
g€ A):

)/ gdul—/ gdxf‘ S/ l9(z) — g(y)| dv(z,y)
R4 R4 R x R4
1/p
<[ weshkden ([ le-baey)
Rd xRd Rd xR
1/p
< (27 [ (el ) rtem) " = 27 () ) < oo

Taking the supremum over g € A we obtain

(1209) A ) < e ( / e sdr(ey) "y e Tl ).



Definition 1.3. Let p', 4% € P,(R?) with p > 1. Then

. 1/p
Wp(p', 1?) = mf{ (/ |z — yl5 dy(a, y)) v e D, uz)}
R xR4

where T'(u', 4?) is as in (1.26).

The function W,(+,-) : P,(RY) x P,(R?) — [0,00) is clearly symmetric and satisfies:
W,(pt, %) = 0 implies ' = p?. Indeed, since 3 is a metric and W, (', u?) > B(ut, pu?)
we get u' = p?. Moreover, we have W,(u, ) = 0, since the probability measure 5 €
P(R? x RY) defined by

Y(B) = p({z € R*: (z,2) € B})

satisfies 7 € T'(u, 1) and [pu pa |t — y[P d¥(2,y) = 0. Less trivial is the fact that the
function W, (-, -) satisfies the triangle inequality (see e.g. [2], [13], or for an elementary
proof [9]), and therefore W, (-, -) is a metric on P,(R?). Notice that if 1 < p; < py we have
Pp(RY) C Py, (RY) and Wy, (', 1) < Wy, (', 112), i, 11 € Py, (RY).

Moreover if, in the definition of the metric 3, (1.14), we weaken the condition ||g||_ +
[9]Lip < 1 by requiring only [g]ri, < 1, we obtain for u!, u? € P;(R9):

(1.30) sup{‘/ gd,ul—/ gdu?
Rd Rd

A celebrated theorem of Kantorovich and Rubinstein [13, 11.8] implies that equal-
ity holds in (1.30). The metrics W)(-,-) are usually called Kantorovich-Rubinstein-
Wasserstein metrics. For a discussion on this terminology, see the footnote of [2, page 1].

9 € BLIRY), [gip <1} < Wi(', ) < o0,

Remark. Replacing (R?, |- |5) by any separable metric space (X, d) and defining

Po(X) = {,u e P(X): /

(d(x,z0))? du(x) < oo for some (equivalently all) zy € X}
X

one can prove that W,(-,-) defined as above (replacing |z — y|5 by (d(x,y))?, p > 1) is
a metric on P,(X). The Kantorovich-Rubinstein theorem holds in this generality. For
p € (0,1), WP(-,-) is a metric on P,(X).
Now we consider the type of convergence induced by the metric W,(-,-) on P,(R%),
p > 1. Let u", pn € Pp(RY) be such that lim W,(u™, ) = 0. In view of (1.29) and
n—oo

Proposition 1.1(iv) we have u" = p.
Moreover, since

W (S0, 17) = W(00, )] < Wy (", 1) =0

and W, (0o, ") = mzl,/ P(u™) (similarly for p), we have

(1.31) lim m, (") = my ().

n—oo

It will be shown in the next section that if 4™ = p and (1.31) holds then W, (p", 1) — 0.
Even more W,(u™, 1) — 0 is equivalent to (1.12) for functions g satisfying (1.18).
Next we consider the analogue of Proposition 1.1(vi) for the metric W, (-, ).

Lemma 1.2 (see Lemma 4.9 of [10]). Let p > 1 and o, put, u*> € P,(R?). Then we have
(1.32) Wp(o* pit, 0% p?) < W, (', 1?).

As a consequence the heat semigroup Sg(+) is a contraction semigroup on (P,(R%), W, (-, -)).
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Proof. By Lemma 1.1 o % ' € P,(RY), i = 1,2. Let ¢ > 0 and X;, Xy be R%valued
random vectors whose laws are p', y?, respectively, and E(| X, — X5[P) < WP(u', p?) + €.
Let Y be a R%valued random vector independent of X; and X, such that o is the law
of Y. Then o * p’ is the law of X; + VY, i = 1,2. Consequently,

WP (o plox ) <E(|(X14+Y) — (X +Y)P) =E(|X; — Xoff) < W;j’(ul,uQ) +e O

Another consequence of (1.32) is the right-continuity of Ss(t) at ¢ = 0. Indeed, for
t>0:

Wp(Ss(t) o, o) = Wy(N (0, BEI) * puo, 0o * pio)
< Wy(N(0, 5t), 60) = my/P(N(0, Bt1)) = (apa)"/"(58)"/*
by (1.21).
It is easy to verify that a contraction semigroup which is right-continuous at 0 is a
Co-semigroup, therefore the heat semigroup Ss(-) is a Cyp-semigroup on (P,(R?), W, (-, ),

p =1L
We investigate further continuity properties of Ss(-). Let 0 < s < t. Clearly

W (Sa(t) o, Sp(s)0) < Wy(Ss(t — s)po, pto) < (ap.a) /P82 (t — 5)'/2,

which implies 3-Holder continuity of Ss(-). A better estimate holds. Indeed by using
(1.32) again we obtain

Wp(Sﬂ(t):um Sﬂ(‘s)/vLO) < WP<N(07 ﬁt]>7 N(O, 68]»

Arguing as in Lemma 4.6 of [10] we consider a R-valued gaussian random vector X with
law N(0,7). Then

WE(N (0, Bt1), N(0, BsI)) < E(|(88)/2X — (Bs)'/°X|P) = [(8)"2 — (Bs)"*["E(1X[").

Hence W,(N(0, BtI), N(0, BsI)) < [t'/2 — s1/2|81/%a}/? (see Appendix A2).
Therefore we have

t
1
(1.33) W, (S5(t) o, Ss(s) o) < 51/2%177/5’/ Er’l/z dr for 0 <s<t.

S

It is proved in [15] that equality holds when p = 2.
We recall the following

Definition 1.4. Let (X,d) be a metric space and a,b € R with a < b. A function
w: [a,b] — X is called absolutely continuous on [a, b] if to each € > 0 there corresponds a
d > 0 such that, for all positive integers n and all families (a1, b1), ..., (an,b,) of disjoint
open subintervals of [a, b] of total length at most §, we have

(1.34) > " d(u(ar), u(by)) < e.

The collection of all such functions is denoted by AC([a, b]; X).
Observe that AC([a,b]; X) C C([a,b]; X).

We recall a fundamental result of real analysis.
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Theorem 1.1.
i) Let u € AC([a,b];R). Then u is differentiable a.e. in (a,b), v’ € L*(a,b) and

(1.35) /t ' (r)dr =u(t) —u(s) foralla<s<t<b.

ii) Let f € L'(a,b). Then the function t — u(t) = f: f(r)dr is absolutely continuous
on la,b] and u'(t) = f(t) a.e. in (a,b).

Remark. The following generalization of Theorem 1.1 holds. Let X be a reflexive Banach
space (in particular a Hilbert space).

(i) If u € AC([a,b]; X) then u is strongly differentiable a.e. in (a,b), v’ € L'(a,b; X)
and (1.35) holds where the integral is a Bochner integral.

(i) If f € L'(a,b; X), u(t) := f(f f(s)ds, t € [a,b], then u € AC([a,b]; X) and u/(t) =
f(t) a.e. in (a,b).

The following characterization of absolute continuity will be very useful.

Theorem 1.2 (see Appendix Al). Let u : [a,b] — X, (X,d) a metric space. Then
u € AC([a, b]; X) iff there exists m € L*(a,b), m > 0, such that

(1.36) d(u(s),u(t)) < /tm(r) dr foralla <s<t<b.

Moreover, if u € AC([a, b]; X),

o v d(u(t+ R)u(t))
al(t) = }ILIL% ||

exists for almost all t € (a,b), |u| € L'(a,b),

d(u(s),u(t)) < / [a|(r)dr, a<s<t<hb,

and if m satisfies (1.36), then |u|(r) < m(r) a.e.
The function ¢ — |4|(t) € Ry is called the metric derivative of w.

Remark. If u € AC([a, b]; X') then u € BV ([a, b]; X) (bounded variation) and fab |a|(t) dt =
Var(u; [a, b]) the (total) variation of u on [a, b].

If u € AC([a,b]; X) then it is easy to verify that the function ¢t — v(t) := d(u(t), 2),
z € X, belongs to AC([a, b]; R), as well as t — (v(t))?.

As a consequence, for every o € Py(R?), T > 0, the function
0,715 £ 2W3(S5(t)p0. )

is absolutely continuous and the metric derivative of p; := Ss(t)po exists a.e. in (0,7).

12



1.3 Further properties of the space (P,(R%), W,(-,+))

We introduce some notations and definitions.

Let (X, d) be a separable metric space with its Borel o-algebra B(X) and let P(X) be
the set of Borel probability measures on X. If (Y, d’) is another separable metric space, if
p e P(X)and f: X — Y is Borel measurable, then fuu denotes the image measure on
B(Y), i.e. fau(A) :=pu(f~1(A)) for A € B(Y). We recall that if g : Y — [0, 00) is Borel

measurable, we have

/X o(f(2)) du(z) = / o(y) d(fai)(y).

Y
In particular if X =Y = R?% and f(x) = 0 for all z € R?, then for any p € P(R?) we have

| s dGanm = [ atr@)duta) = [ o0 dua) = 900

R4

for every g € BC(RY). Therefore fuu = &y the Dirac measure at 0. So if u € P2(R?),
f4p does not need to belong to P*(RY). For a sufficient condition for fuu to belong to
PRY), see e.g. Appendix 2.

Considering the product X; x X5 of two separable metric spaces (in particular we shall
identify RY x R? with R?? equipped with the euclidean metric), we define the canonical
projections 7 : X; x Xy — Xj, by

mi(wy,m0) = 25, i =1,2.
Similarly, for product of three spaces, 77 : X; x Xy x X3 = X; x X,
T (21, w9, 13) = (24y75), 1<i<j<3
If v € P(X; x X3), then
Tu(A) = (A x X)), my(B) =~(X1 x B), A€ B(X1), Be€B(Xa).
Given p' € P(X;), i = 1,2, we define
L(p', p1?) ={y € P(Xy x Xp) :mhy =4, i =1,2}

which is consistent with (1.26).
Now we return to the case X; = Xy, = R? and we can define the B metric on
P(R? x R?) as the 3 metric on P(R*?). Observe that the maps 7 ~— 7,y are contin-

uous from (P(R? x R?),5) — (P(R?),5). Indeed, if v,7*,...,9" € P(R* x R?) and
A" = v, then for any g : R? — R continuous and bounded we have

[ owamane = [ awnarw - [ @t = [ g o).
R R xRé R xRd R

Similarly for 7%. As a consequence the set T'(u', 1i) is closed in (P(R? x R?), 3). We shall
show that it is even compact. In view of Proposition 1.1(iii) it is sufficient to show that it
is tight. By the same Proposition 1.1(iii), but with the reverse implication, we have: for
every € > 0 there exist compact subsets of R?, K . and Ky, such that u'(RY\ K .) < /2,
(RN Ky ) <e/2. Set K. := K. x Ky, which is compact in R? x R?. Note that

R x R*\ K. C (R*\ K;.) x REIUR? x (R\ K5.).

13



Hence for any v € T'(u!, u*) we have

YR x R\ K.) < v((R?\ K1) x RY) +9(R? x (R \ K».))
= g (RT\ Ky) + 2R\ Ka.) < e

This implies the tightness, hence the compactness of T'(ut, u?).
Finally, noticing that the map

F(Mlvlﬁ) > = ’xl - ‘CEQ‘;S d’}/(.%’l,.ilj2) € Ra p > 17
R4 xRd

is L.s.c., by (1.13), it has a global minimizer. Therefore in Definition 1.3 we can replace
the right hand side of (1.29) by

min{ (/Rdxw |z =yl dy(z, y)) e IN(7 M2)}-

Now we consider a slightly more general situation where we have two narrowly con-
vergent sequences in P(R?), " = u, o™ = o, and we are interested in the union of
the sets T'(u", 0™). Since the sets {u, ut,...,u", ...} and {o,0',... 0", ...} are compact
in (P(RY), 3), we obtain as above the tightness of |J I'(u",0"). Therefore there exist

n>1
v € P(R? x R?) and a subsequence n(k) such that v,y € D(p"®), o"®)) and ) = 7.
Moreover, in view of the continuity of ﬂi# we get v € I'(u,0). We shall use this fact in
order to prove the completeness of the space (P,(R?), W,(-,-)), p > 1. Indeed, let pu,
be a Cauchy sequence in (Pp(Rd), W, (-, )) By (1.29) it is also a Cauchy sequence in
(P(R9), 3) and by Proposition 1.1(i) it has a S-limit u € P(R?).

Given € > 0, let N > 1 be such that W,(tm, in) < € for all m,n > N. We claim that
given T € R% n > N, we have

(1.37) / o~ TR du(r) < e+ / Ty~ 7 dily),
(1.38) W, (s o) < 2,

which implies u € P,(R?) and W, (pin, 1) — 0. Let m,n > 1. By what precedes there
exists Vmn € I'(fm, its) such that

(1.39) WE (ttms in) = / |z = yl5 dyman (@, y)-

R xRd4

Now let n be fixed. Applying our previous result with the two sequences pu,, and
Om = Uy for every m > 1, with p,, = p and o, = p,, we find v, € I'(i, ) and a
subsequence Y, n € I'(fbmy,, ton) satistying Yo, »n = Yn-

Let 7 € R Then, for my,n > N

[ e =aldin @) = [ o= al i,
R4 R x R4

<o / 12— gy + 27 / Y — T Ay < 200 + / ly — TP Sp1m.
R xR R4 xRd X
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Since fim, = W, claim (1.37) follows from (1.13). Similarly,

/d o= yly doym(z,y) < lim |z = Y18 AV (2, y) = Hm W (i, pn) < €”.
RexR

k—oo JRIxRA k—o00

Since 7, € T'(i, tn), we have

WE(p, pn) < / [z —yl5 dyn(2,y) < €,
RIxR4
which proves (1.38).
In what follows, as in [2], we shall use the notation

(L40)  Tolp' o) = {y e Tt ) /

. |z —ylsdy(z,y) = Wﬁ(ulﬁ)},
X

where pt, u? € P,(RY). As above we consider two sequences u" = u, 0™ = o and the
corresponding sets I'(™, 0™). Let 4™ € To(u",0™), n > 1, and let a subsequence ™),
v € I'(u,0) be such that y"*) = ~. A natural question is whether v € [y(y,o). The
answer is affirmative and follows from a characterization of the global minimizers of the
functional
ol |z —yP dy(w,y), v €T (u',n?).
Rd xRd

We state this characterization without giving a proof. For a proof see e.g. [2] or [14].
We need the following definition

Definition 1.5. Let (X, d) be a separable metric space and let u € P(X). We define the
support of y by

(1.41) supp = {x € X : u(B,(z) > 0) for every r > 0}.

One verifies that supp u is closed and p(supp p) = 1.
We recall

Theorem 1.3. Let p > 1, p', p? € Po(R?) and let v € T'(pt,u?). Then v € To(ut, pu?)
(see (1.40)) iff supp~y satisfies: for everyn =1,2,...

n

(1.42) Z To(i) — yils > Z 7 — yilb
i=1

i=1
for every (x;,y;) € supp~y, i = 1,2,...,n, and for every permutation o of {1,...,n}.

Returning to the question mentioned above we have by one implication in Theorem 1.1
that suppy"™(®) satisfies (1.42) for every k > 1.

As a consequence of the other implication in Theorem 1.1 we need to show that supp y
satisfies (1.42). This follows from

Lemma 1.3 (]2, Proposition 5.1.8, p. 112]). Let (X, d) be a separable metric space and
let po, ptay .oy fny - - - € P(X) be such that p, = . Then for every x € supp u, there ezists

a sequence {x,} C X such that x, € supp pin, n > 1, and lim z, = x.
n—oo

15



Proof. Let x € supppu. Then for every k > 1 pu(By/x(x)) > 0. Since the characteristic
function of the open ball By () is ls.c., we have by (1.13)

Wm g (Byyi(2)) 2 p(Bayi()).

m—ro0

Hence for every k > 1 there exists my(z) such that fi,,,(B1/x(z)) > 0 for every m > my(z).
Set ng(x) := my(x) and

n(z) := max(ng_1(z) + 1, mpy1(z)) for k> 1.
We have ng(x) < ngy1(x), k> 0, and
pin(Bijk(z)) >0 for n > np_q(x), k> 1.

It follows that for & > 1, n > ny_i(z), supp pn, N Bik(z) # 2. Choose x,, € supp i, N
By ji(z) for ng_1(x) < n < ng(x). Choose x, € supp p, arbitrary for 1 < n < ng(z).
Clearly limz,, = . O]

We summarize these results in the next proposition.

Proposition 1.2. Let p > 1.
(i) Let p,o € Pp(RY). Then To(p, o) defined in (1.40) is not empty.
(ii) Let u™, p,0™ 0 € P,(RY), n > 1, be such that p™ = p and o = o.

Let v* € To(u™, 0™), n > 1. Then there exists v € Io(y, o) and a subsequence ™)
such that y"*®) = ~ in P(R? x R?).

In particular To(p, o) is compact in (P(R? x RY), 3).

We conclude this section by giving an analogue of Proposition 1.1 for the space
(PP(Rd)7 WP('? ))
Proposition 1.3. Let p > 1.
(i) The space (Py(R?), W,(+,-)) is a complete metric space.
(ii) Wy(0s,dy) = |z — yl2, 7,y € R,

(iii) Let p, pu™ € Pp(RY), n > 1. Then Wy(u™, p) — 0 iff u™ = p and my(u™) — my(p)
iff Jga fAu™ = [ga fdp for every f € C(R?) satisfying (1.18).

(iv) Convex combinations with rational coefficients of point measures 8, with x € Q? are

dense in (Py(R), W (-,-)).
(V) Wylp', 1) < B(pt, p?), p', 1 € Pp(RY).
(vi) Wylo * pt o % i) < Wy(uh, 1i?), o, i, u? € Py(RY).
(vii) ll_% W,(N(0,tI),00) = 0.
(viii) The heat semigroup on (P,(R?), W,(-,-)) is a Cy-contraction semigroup.
(ix) PYRY) NP,(R?) is dense in (Py(RY), W,(+,-)).
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(x) For every T > 0, the function
[0, 7] 3 t = 1y := S(t)o € (Pp(R), W, (-, -)),
with o € Py(R?), is absolutely continuous.

Proof. (i) has been proved above.

(v)—(x) have been proved in Section 1.2.

(ii) follows from I'(d,,d,) = {d, ® &, }.

It remains to prove (iii) and (iv).

(iii) The implication W,(p", u) — 0 = (u* = p and (m,(p™) — my(p)) has been
proved in Section 1.2. Now we prove:

(1.43) p" = pand my,(p") — my(p),  p,p" € Pp(RY), n>1,

implies

(1.44) / fdu™ — / fdu  for every f € C(RY) satisfying (1.18).
R¢ Rd

Assuming (1.43) we first establish

(1.45) lim sup/ |z[8 d, () =0,
{zeR%:|z[5 >k}

k—o0 n>1
(i.e. in the terminology of [2], the set {u"} C P(R?) has uniformly integrable p-moments).

Set F¥:={z € R¢: |5 > k}, k > 1. Notice that since F* is closed, its characteristic
function is upper semicontinuous and (1.13) yields

lim "(F") < p(F").

n—oo
Moreover, setting fi(z) := |x|5 A k, kK > 1, and f(z) := |x|5, we have
[ raw = [ (5= nden + hr (P,
Fk R4

similarly for p instead of ™. Since f, € BC(R?), (1.12) yields

lim [ fedp" = | frdu.
Rd Rd

n—00

Therefore for every k > 1, we have

lim [ fdyp" = Tim [/ (f = fo) du™ + ku"(Fk)]
n—oo Fk n—oo R4
S/ (f_fk)dﬂ+kﬂ<Fk>:/ fduz/ |z[3 dp.
R FF Fk
Consequently, given € > 0 there exists m = m, > 1 such that

DO ™

fm [ Jeldu(o) < / 28 dys <

n—o0 Fm m
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Hence there exists N = N, > 1 such that
/ |z[5du" () <e for every n > N.

Fm
Choosing [ > m large enough we find

/l |zfbdu"(z) <e for1<n<lI.

F
Finally, noticing that &+~ [, |z|5 du™(z) is nonincreasing for all n > 1, we obtain
sup [ |zlydu"(z) <e,

n>1J pl

as well as

sup [ |zf5du™(z) <e forall k> 1.
n>1J pk

This implies (1.45).
Next we show that (1.44) holds. This is a consequence of the following

Lemma 1.4. Let p, u™ € P,(R?), n > 1 for some p > 1, be such that u™ = p and (1.45)
holds. Then (1.44) holds.

Proof of Lemma 1.4. Taking positive and negative parts of f in (1.44) it is sufficient to
consider the case f nonnegative. By (1.13) we obtain

fdp < lim [ fdp”.

R4 n—oo JRd
It remains to show
(1.46) lim fdu < / fdu.
n—oo

Setting fi(z) := f(x) Ak, and F* := {x € R?: f(z) > k}, we get

[raw=[ sars [ pae <cur) . [ ledr@ s [ e
R4 Fk RA\ F*

Using the closedness of F'* and the boundedness of f,, we get for k > 1,

fi [ fdu < Colr) + Coswp [ faltan (o / i di
Fk

n—oo Rd n>1

< Cyu(F*) + Cysup [ |zfhdp’(z /fdu

n>1J pr
Taking km, using (1.45) and klim w(F*) =0, we arrive at (1.46). O
—00 —00

Finally we show that if u, u™ € P,(R?), n > 1, and (1.44) holds then W, (u", i) — 0.
Choosing f € BC(R?) in (1.44) we see that u™ = u. We apply Proposition 1.2(ii) with
the same g, " and with ¢ = ¢ = p for all n > 1. Let v*®) € To(p”, i) and v €
To(i, 1) be as in the conclusion of Proposition 1.2(ii). We have 4"*) = ~ in P(R? x R9).
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Choosing f(z) := |z|5, z € R?, in (1.44) we have (1.43). From the proof of the implication
(1.43)=-(1.44) we obtain (1.45). Now we want to apply Lemma 1.4 to v, y"*) € P,(R??).
We have to show

(1.47) lim sup (|5 + [y2)"2 dy™ O (, y) = 0.

k=00 1>1 /{u,y)emdxw:(w3+|y§>ﬁ/22k}

This is a consequence of the following

Lemma 1.5. Let pb™, p>™ € P,(R?), m > 1 for some p > 1, be such that

(1.48) lim sup/ |zl dp™(z) =0, i=1,2.
2|5 >k

k=00 1 >1

Let v™ € T'(pt™, u>™), m > 1. Then

(1.49) lim sup (|23 + [y )" dy™ (2, y) = 0.

k=00 m>1 /{(rvy)GRdXRdi(w|§+|y|§)”/22k}
Proof of Lemma 1.5. Let k > 1. Set
F* = {(z,y) € R x R : (|zf5 + [y[3)"* > K}

Notice that
Fk c AU B¥

where ) ) d .
A" = {(z,y) e R* X R : |z]y > 7§k /ry,

B* .= {(z,y) e RE x R%: |y|, > LEYVPY.

Sl

Moreover, for z,y € R? we have

(l2f3 + [y2)P"2 < (lzlz + lyl2)” < 207 (|l + [y[5).

Then A
JRCRAE S 32
Fk =1
where
hi [ by B [ e,
Ak Bk
I = / W dy" (), T = / L dy™ (2. 1),
Ak Bk
We have

I = / 2l dp ™ (x) and I, = / y[B dy>m(y).
jxlo> 5 kP lyl2> 5 k1P

Then (1.48) yields
lim sup [;(k,m) =0 fori=1andi=4.

k—o0 m>1
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Let [ > 1. Then

Iy(k,m) = / Iyl 69" (2, y) + / Y[ 64" (2, )
Ak {|yl2<l} Akn{ly|2>1}
<p / dy™ () + / [l dy™ (2, ).
Ak {lyl2>1}

Let k > 2P/2 then

foren= | o) < | gt ().
A {lela2 J5k1/7) ol L k1/5)
Clearly

/ lyly dy™ (x,y) = / lylb dp®™ (y).
{lyl2>k} {lyl2>1}

Then by (1.48) we get

Tim sup I3(k, m) < / lyls dp™(y).
{lyl2>1}

k—o00 m>1
Since [ > 1 is arbitrary we obtain

lim sup I3(k,m) = 0.

k—o0 m>1

Similarly for I,. This completes the proof of (1.49). O

As a consequence of Lemma 1.4 we obtain
i [ fag ey = [ ey
0 JRAxRE Ré xR

for every f: R? x R? — R continuous with p-growth, in particular for f(x,y) := |z — y[}.
Therefore, using the definitions of y**) and ~, we obtain

lim W7 ("™, i) = lim | — yly dy" ™ (z, y)

k—oco k—oo Rd x R4

= /Rd iy |z —yly dy(z,y) = WE(u, 1) = 0.
X

Since every subsequence of p™ has a convergent subsequence converging to the same
limit p, we get
Tim W, (", p) = 0.
This completes the proof of (iii).
(iv) Let p € P,(RY) with p > 1 and let £ > 0. Then there exists R > 0 such that

/ (22 dyu(z) < .
R

A\ BRr(0)
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Since Bgr(0) is compact and Q¢ is dense in R? there exists a finite collection of (open)
balls B.(z;), 1 < k < N, with z;, € Q% such that

N

Bg(0) € | B-(x).

k=1

Set Sy := B.(x1) and define Sy, := B.(x;) \ U B:(x;), £ > 1. Then the Borel sets Sy
i<k

are disjoint, possibly empty. By skipping the indices where S, = @ and renumbering, we

obtain 1 < M < N disjoint, nonempty Borel sets S; such that

M [
LJ S 2 Bx(0).
k=1

Define f : R? — R? by setting

f(z) =0 whenever |z|s > R,
f(z) =z  whenever |z|s < R and z € Sy for some k.

Then f is Borel measurable and for € Bg(0) we have |z — f(x)|s < e. Hence

/ |z — f(@)]5 du(x) < 5p/ du(x) + / |xff du(x) < 2eP.
R4 Br(0) R4\ B (0)

Notice that fuu is a convex combination of Dirac measures d,, where x; € Q% In
particular fyu € P,(R?). Moreover, the measure (id X f)xu € T(u, f4u), hence

WP, i) < /

R4 xRd

& — y[d(id X f) ppu(z, y) = / o (@) dfa) < 22

Finally we can approximate fxu by convex combinations of o, with rational coefficients.
Indeed, if

M
fup = Zajél’f with a; > 0, Zaj =1,
j=1

and 0 < of = aj asn — 00, 1 <j < M, where o} € Q, we can define

p =7 Zozjéxj, n > 1.
o
7=1

Then p™ € P,(RY), n > 1, and

lim gdp™ = lim L Za?g(xj) = M; Z%’g(%’) = /d g(w) d(fyp) ()

M
n—00 [md n—00 - -

for every g € C(R?) with p-growth.
As a consequence of (iii) we have lim W, (u", f4p) = 0. This completes the proof of
n—oo

(iv) as well as the proof of Proposition 1.3. O
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: 1d
2 A representation formula for ; SW3 (e, o)

Recall that the aim of these notes is to show that the curve (0,00) 3 ¢t — u; € P(R?),
defined in (1.5), satisfies (EVI) in (Py(R?), Wy(+,-)), with ¢ defined in (GBE) and o = 0
whenever 1o € P(RY).

In Section 2.1 we introduce the notion of “optimal transport map” which will play
an essential role in these notes. In Section 2.2 we use the Benamou-Brenier formula to
find an estimate of the metric derivative |t|(f) in terms of the L?-norm of the “tangent
vector” of the curve t — pu; at t. Finally, in Section 2.3 we obtain the representation of

L4y, o) given in [2, 8.4.12].

2.1 The “optimal transport map”

Let 1,0 € Po(R?). In Section 1.3 we have shown that there exists v € I'(u, o) such that

(2.1) / 1 — R dy(e.y) = W2, 0).
R4 xRd

In (1.40) we defined T'g(u, o) to be the collection of all measures v € I'(u, o) satisfying
(2.1). An element of I'g(u, o) is usually called an optimal plan. We shall need the following
notations and definitions.

Definition 2.1. For p € P,(R?) we define

L*(11; RY) := {equivalence classes 1 a.e. of Borel maps r : RY — R?
satisfying / lr(z)|5 du(z) < oo}
Rd

equipped with the usual norm and innerproduct.
Tan,, P2(R?) is the closure in L*(u; R?) of the linear subspace {Vp : p € C®°(R%R)},
where Vo (z) = (05,¢(2), ... ,&Dd(p(:c))t, r € R4

Recall that y; € PS(R?) for t > 0.
When p € P§(R?) it turns out that I'(y, o) is a singleton which we denote by {7}
and that the measure v, has the special form

Vo = (id, r)pp

for some unique element r € Tan,(P2(R?)). We shall denote this element by ¢ and it
will be called the optimal transport map between p and o. The following theorem will be
essential.

Theorem 2.1 ([2, 6.2.3 and Proposition 8.5.2]). Let u € PHR?) and o € Py(R?). Then
(i) there exists a unique v € I'(u1,0) satisfying (2.1). It will be denoted by ~7;

ii) there exists a unique element r € L?>(u;R?) satisfying v° = (id,r)up. It will be
u #
denoted by 1. Moreover, 7, € Tan,, (P (R%));

(iii) if the support of o (see (1.41)) is bounded, then there exists p : RY — R conver,
(globally) Lipschitz continuous such that
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(2.2) rn =V p-ae.

For the proof we refer the reader to [2, 6.2.3 and the proof of Proposition 8.5.2]. See
also [14] for (i), (iii) and the first part of (ii).

Now we return to the curve u; defined in (1.5) where g € Po(R%). We already know
from Proposition 1.3 that p; € P¢(R?) for ¢t > 0 and that for every T > 0, [0,7] > t
pe € (P2(RY), Wy(-,+)) is absolutely continuous. In particular, in view of Theorem 1.2,
11| (t) exists for almost all ¢ € (0, c0).

Recall that for t > 0, p; € PS(R?) with pu; = p; - A\g where p; is defined in (1.6).

From (1.8) we deduce that for t > 0, z € R?

(2.3) 9 (o) + div(pu()oa) = 0
where

__BVpl(x)
(2.4) vi(x) = 2 (@)

using the fact that p:(z) > 0.
Clearly (t,z) — vi(x) € C((0,00) x R% R?).
Equation (2.4) is usually called the continuity equation and vy(+) is the velocity field.
Notice that in the case pg = do, v4(x) = 52, hence v, € L?(p1y; RY). This holds for any
o € Po(R?). Indeed, let 1 < k < d and observe that (with Dy, := %):

Dippi(x) = —(Bt)  wipa (),

Dypi(x) _ _i fRd (@) — yk)pﬁt(I — ) dpo(y)
pi() Bt Jrapsi(z —y) duo(y)
and by Jensen’s inequality
1 Jpal@e = y)°poe(z — y) dpao(y)

’ Dypi()|”
pi()

~ (Bt)? Jga pae(z —y) dpo(y)

Summing over k we get

'th(:v) 2 < 1 Jpal® —yl3psi(z — ) dpo(y)

2 (B1)? pi() ’

hence, using |z — y|3 < 2|z|3 + 2|y|3,

' Vpi(z)

pe(z)

2

2)2 (22 + go(a)),

@) |, =

where g;(x) > 0, C*°, satisfies

/Rd ge(x)pe(w) dw = /Rd /Rd ly2pas(@ — ) dpio(y) dz

= [ [ pute =) d B duoly) = ma(u) < .
Rd \Rd ,
=1
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It follows that

o |oe() [ dpis () < % [ma(pe) + ma(po)] < oo.

One verifies that (0,00) 3t +— [, [v(2)|* dpy(2) is continuous. We have

Ts

(2.5) / los(2) |5 dpe(z) dt < 0o, 0 < Ty < Ty
7 JRrd

Now we denote by r, the optimal transport map from g, to s, for ¢ > 0, i.e.

(2.6) =Tl >0, —t < h.

Our aim is to prove that for ¢ > 0 such that |@|(¢) exists, we have

(2.7) lim

tim [ [50u(0) =) = (o) dpu(z) =0

i.e., s, — vy in L?(uy; RY) as h — 0 where

1

= E(rh(a:) —12), v€RY h#0.

(2.8) sp(z)

In the remaining part of this section we shall prove that s;, converges weakly to v; in
L*(pg; R?) as b — 0.
Since
h? h?
tends to |f]?(t) as — 0, there exists C' > 0 such that for 0 < |h| < 1:

[ el g, W)
Rd

1 .
||Sh||L2(Mt;Rd) = HE(Th - ld)”Lz(Mt;Rd) <C.

First we prove that s, converges weakly as h — 0 to Ilv;, the orthogonal projection
in L?(p; RY) of py on Tan,, (P(R?)) (see Definition 2.1). It is sufficient to show that any
converging sequence sy, tends weakly to Ilv; where h,, — 0 as n — oo.

Notice that s), € Tan,, (P(R%)) since both id ( = r#¢) and r), belong to this subspace.

Therefore the weak limit of s, , which we shall denote by sg, belongs to Tan,, (P(R?)).
From the continuity equation (2.4) we obtain for every ¢ € C®°(R?) and t > 0:

/ (V,v) dpy :/ (Vo,v) prde = —/ e div(psvy) dx
Rd Rd Rd
o1
= /R POprdr = Tim - [pien(0) = ().

(Here puy() := [ga () dps())
On the other hand

7 00) = 10(9)) = . [ [otrnla)) = e dueta)

_ %/Rd[sﬁ(x + hsp(z)) — p()] dpy(z) = /Rd (Vo (), sn(@)) + wn(z)] du()
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with wy,(z) Borel measurable satisfying

2

: ,
e T

1
< = 2
|wa ()] < 5 |h|d ,max

Notice lim Jga lwn(@)| dpe () = 0.
Therefore we obtain

/ (Vp, 50 —vp) dpy =0
R4

for every p € C%°(R?). Since
/ (Ve,ve) dpy :/ (Vo, vy) dpuy
Rd Rd

and so € Tan,, (P2(R?)), we obtain sq = [Ty, and

1
(2.9) weak-lim — (7, —id) = Ty, in L?(p; RY).
h—0 h

Next we show that Ilv, = vy, i.e.
(2.10) vy € Tan,,, Pa(R?)

(hence s, — v; weakly in L%(p; RY)).
This is a consequence of the following

Lemma 2.1. Let p € PS(RY) with u = p- A\g. Let ¢ : RY — R be locally Lipschitz
continuous. If ¢ € L*(u) and Vi € L*(1; R?), then Vi € Tan, (Pa2(R?)).

Indeed, let p := py, p := p; and () := log ps(x), x € RY, in Lemma 2.1. Then

1
0<pt($)ﬁm for t > 0 and = € R%
™

Moreover, ¢ € C*(R?), hence locally Lipschitz continuous. Since py; € Po(R?), we have

| o) pe)de < o0
{pt(z)<1}

by Lemma 3.2(ii) and
/ log pi(z)p(z) dx < o0
{pt ()21}

since p; is bounded above. Therefore we have

B Vp(x)

r— v(r) = — Vp(z) = 2 (@)

€ Tan,, (P2(R%)).

Proof of Lemma 2.1.

(i) We truncate the function ¢. Let m > 1 and let ¢, (z) := (p(x) A m) V (—=m),
r € RY

Clearly ¢,, is also locally Lipschitz continuous and bounded, hence ,, € L*(u) and

Vom(z) if [p(z)| < m,
0 otherwise.

VSOm(x) = {
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Therefore
/ Vi (2) [} du(z) = / V(o) du(z) < / V(@) du(z) < oo.
Rd {o(z)<m} Rd

Moreover

d T)—Om(x)| du(x) < 2 )| du(x 0
/ 0(2) — o ()| dis(z) = /{w(xpm}wu ()] dps(z) /{W)l>m}|¢< )| dy(z) —

as m — oo since p € L(u; RY).
/ Veom(x) — Vo(z)[5 dp(z) = / IV(z)|3du(z) — 0 as m — oo,
R {le(z)[>m}

since Lgju())>my(y) — 0 pra.e. as m — oo and Vi € L?*(j; R?). So we can suppose ¢ to
be bounded in the assumption of the lemma.

(i) We multiply the bounded function ¢ by n(x/n) where n € C1(R?), 0 < n(x) <1,
n(z) =1 for x|y < 1. Set @, (x) := @(x)n(z/n), x € R n > 1. Then ¢, is globally
Lipschitz continuous with compact support, hence ¢, € L'(u;RY) and ¢, € L*(u;R9)
since Vi, is bounded. Moreover, we have

/rgo ~ pul@)ola) dx—/ 11— g(x/n)| [o(@)| plx) dz — 0 as n— oo,

since |¢|p € LY(R?) with respect to 4.
Similarly

/}R V() — Vepu () plr) dr = / 1(0=2(2))Vetw) - - o()vn(%)

T\ |2 )
<2 [ 1= o(D)[ 19et@Ppt@)dr+ 2 Il 191 =0 as - oo
R

p(x) dx

So we can assume ¢ globally Lipschitz continuous with compact support.
(iii) Finally taking the convolution with a Sobolev mollifier we will obtain a sequence
©1/n € C°(RY) satisfying

/|g01/n—g0|d,u—>0 and / IVoim — Veladu — 0 asn — oo. O
R4 R4

2.2 The Benamou—Brenier formula

The aim of this section is to show that the sequence - L (ry,, —id) considered in Section 2.1
tends strongly to v, as h, — 0 whenever the metric derivative |1|(t) exists. Let 0 < T} <
T, be as in Section 2.1 and let ¢ € (T, Ty) be such that |1](¢) exists. Notice that

1
w7 o) = s dia) = 5 W2, 1)

n

which tends to |]?(f) as n — oo.
On the other hand we have as a consequence of the weak convergence

1
[ e diata) < tim g [ o @) ol dpate) =l 5 [ v ) = ol disto)
R n—oo

n—00
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which implies
2 1207
(2.11) lvell 2y < |61 (F)-

So it suffices to show that

1207 2
(2.12) 1* (@) < Nlvell 2 me) -

Indeed, the weak convergence together with the convergence of the norm of the sequence
implies the strong convergence. Moreover, we get equality in (2.11) and (2.12). It turns
out that (2.12) is a consequence of the Benamou-Brenier formula [4]. We recall this
formula in a form which is more general than in [4] and less general than in [2], but
sufficient for our purpose.

Theorem 2.2. Let a,b € R with a <b. Let

[a,0] x RY 3 (t,2) — oy(z) € R,
[a,b] x R 3 (t,2) > w,(z) € R

be continuously differentiable functions such that
(i) for every t € [a,b], o, is the density of a measure [i; € P3(RY),
(ii) [a,0] 5t — fir € AC([a, b]; (P2(R7), Wa(:, ),

(iii) for everyt € [a,b], w; € L?(fig; RY) and
’ 2
/ [wil[12(4, ey dt < 00,

(iv) Oo¢(z) + div(oyw;)(z) = 0, t € [a,b], z € RL.

Then we have
b 2
(2.13) WE (o) < (0= ) [l 0 -

Noticing that o.(x) := pi(z), wi(z) := vi(x), t € [T1,Ty], v € RY, satisfy the assump-
tions of Theorem 2.2 we obtain for 0 < a=1¢,b=1t+h, h >0, where T} <t <t+h < T

W22<:ut_7 M£+h) IR 2

hence
S92 2
|N|2(t) S ||’UEHL2(ug;Rd)

This completes the proof of

(2.14) tim [ [700(0) =) = vi(a)] dpta) =0,

(215) ”v{HLQ(Mg;Rd) = ‘M'(Z)
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Sketch of the proof of Theorem 2.2. Let o, w; be as in Theorem 2.2. Consider the ODE

(2.16) {;f():c): - wi (X,(),

for every x € R? and t € [a, b].
Then, in view of Lemma 8.1.4 and Proposition 8.1.8 of [2], the characteristic system
(2.16) admits a unique globally defined solution X;(x), t € [a, ], for fi,-a.a. x € R?, and

(217) ﬁt = (Xt)#ﬁa YVt € {(I, b]
Therefore
Wi (o) < [l = Ko@) dfn(o) = [ 1u() = Xila) o)

~0—af [

1 dX,
ds| dfig (b— (Xs( ds dji,
b_a/adsUS“ a/w/alw ) ds dfia(x)
b
-0 [ [ B s = 0-0) [ Tolag @ O

For the sake of completeness we state a part of Theorem 8.3.1 of [2] which is a gener-
alization of Theorem 2.2.

Theorem 2.3 ([2, Theorem 8.3.1, converse|). Let I := [a,b], a,b € R, a < b, and let
p>1. Let I 5t [ € Pp(R?) be narrowly continuous (i.e. with respect to the 3 metric)
and let I x R? > (t,x) — wy(x) be Borel measurable such that the following holds:

b 1/p
(21) [ ([ o dnw) <.
(2.19) / g (Dpp(t, ) + (wi(z), Voo(t, x))) die(z) dt = 0

for every ¢ € C>((a,b) x R?) (weak solution to the continuity equation). Then t — fi; €
AC([7 (Pp(Rd)a Wp('7 ))) and

(2.20) 1](t) < lwell popymay  for M-a.a. t € (a,b).

Remark. For p = 2, we have as a consequence of Theorem 2.3,

b
Wa(7ia, i) < / i) dt =

(b—a < / |1 (¢ dt) (by Jensen’s inequality)

. 1/2
<0-0( [ ol )

by (2.20). Hence we recover the Benamou—Brenier inequality (2.13).
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2.3 A representation formula for 22W2(u,, o)

Now we return to the study of the curve p; defined in (1.5) where py € Po(RY). We
already know that for 0 < Ty < Ts, t — p; belongs to AC([Tl,Tg]; (PQ(R"),WQ(-,-))),
hence t — W2(u;, o) is absolutely continuous for every o € Py(R?).

In the next proposition we give a formula for its derivative.

Proposition 2.1. Let 0 € Po(R?) and 1 be as above. Let t > 0 be such that the metric
derivative at t, |1|(t) exists and the derivative of t — W3(ug, o) at t exists. Then we have

(221) 3 W30 = [ (o= i) vle)) dueta)

where 17, is the unique optimal transport map from iz to o and vi(x) is given by (2.4).

Proof. Let o € Py(R?), t as in the assumption and h € R such that h > —t. By definition

W3 ((id +hvy) g, o / |:E + hvy(z) — 1y, (z) }; dpy ()

= d‘x—r ‘Qdut +2h/ (x —r7 (x),v(x)) dp(z +h/ |, (2)|? dpa ()
R
= W5 (s, 0) + 2hRHS + h? ||'Ut||L2(m;Rd) ;

where RHS is the right hand side of (2.21).
Therefore we have for h > —t:
h >0,

1 .
ﬁ[W§(1d Fhvigpe, 0) — W3 (1, 0)] < 2RHS + hl|vg|[ 72,00,

h >0,

1 .
E[Wg(ld +hvt#ut, U) — Wg(ﬂt, U)] 2 2RHS + thtH%2(ut;Rd)'

If we can show that

.1 : .
lim — (W3 ((id +hvy) e, 0) — W3 (g, 0)) = lln’é . (W2 ((id +hvy)gpe, 0) = Wi (e, 0)) =: L

4>
t=o0h P

exist, then we get %L = RHS.
In Section 2.2 we have shown that

1
lim — (rfe+h —id) = v, in L*(p; RY).

h—0 h ¥ H

Therefore for h # 0,

1 1 )
7w — W3 (th, (id +hvt)#ut) 7 / ‘7"“”’1 — (id —i—hvt)!; dyuy — 0 as h — 0,

hence _
iy V2 (Hern, (1 +hvy) 1)

h0 || =0
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Next we estimate, for 0 < |h| <t A 1:

)%(Wf((id +hy) i, o) — W3 (b, U))‘

= (Wa((id +-hvr) g, o) + Walpin, 0 }Wz( (id +hor) g, 0) = Wapien, 0)|

)T

1
< (W2((id +hvt)#llt70) + WQ(HJHh,U)) : W

We have W3 ((id +hvy)gpe,0) < Wi, o) + 2RHS + HUHiQ(Mt;Rd) and W2(uiin, o) is
bounded since pi; is absolutely continuous, therefore

W (id +hve) e, o).

llzlg(l) |h| ‘WQ( id +hvy) gy, 0) — WQ(Mt-ﬁ-h)U)‘ = 0.

Since the derivative of ¢ — W2 (u;, o) exists at ¢, we obtain that the above limits exist
and are equal to L with L = £WZ(u, o). This completes the proof of (2.21). O

As a consequence of (2.21) we have that for every o € Py(R%),

(2.22) 3 5 W0 = [ (o=, -5 T o)

for Aj-a.a. t € (0,00).
In order to achieve the goal mentioned in the introduction, we have to show that the
right hand side of (2.22) satisfies

(2.23) RHS < ¢(0) — d(p)

for some l.s.c. functional ¢ : (Py(RY), Wy(-,-)) = (—o0, +00].

This will be done in Section 3.

We conclude this section by stating a theorem which shows that formula (2.2) holds
in a more general situation.

Theorem 2.4 (]2, Theorem 8.3.1, first part, and Theorem 8.4.7]). Let I = [a,b] with
a,beR, a<b, andlet I >t i € Py(R?) be absolutely continuous with respect to the
metric Wa(-,-). Let |u|(-) be its metric derivative, defined in Theorem 1.2. Then there
exists a Borel vector field

w:l xRS (t2) = wi(x) €RY such that
(1) J; Jga lwe(@)[3 dfie dt < oo,
(i) Jzu lwi(@) 3 diy dt = [1[*(t) a.e. in (a,b),
(iil) wy satisfies (2.19),
(iv) w; € Tang, P2(RY) (see Definition 2.1) and is uniquely defined a.e. in (a,b),
)

(v) for every o € Pg(]Rd) and for every t > 0 such that: |fi|(-) ewists, |fi|(t) =
|well 2z, ey and 2dtW2 (fig, o) exists, we have

(2.24) 53 WVE ) = [ o =13, wila) diita)

where 7, is the unique optimal transport map defined in Theorem 2.1.
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3 The functional ¢(p) = [paplog pdx
The aim of this section is to show that there exists a l.s.c. functional
¢ : (PZ(Rd)a W2('7 )) - (_007 +OO]

such that for every o € D(¢) and every t > 0 we have

5.1) [ (o= =5 T2 s < ot0) — ot

where p; is defined in (1.5).

As a consequence the map (0,00) 3 t — p; € Po(R?) satisfies (EVI) with this func-
tional and with X = P,(R?) equipped with the metric Wy (-, -), and with o = 0.

In view of the uniqueness of solutions to the initial value problem for (EVI) (see [8])
and the contractivity of {Sz(t)}+>0 with respect to Wa(-,-) it is possible to choose a = 0
in (EVI).

Since the semigroup {Ss(t)}s>0 is defined on the whole of Py(R?), the domain of ¢
should be dense. In Section 3.1 we invoke a result of Daneri and Savaré [12] to show that
if such functional ¢ exists then it has to be “displacement convex” in the sense of McCann
[17].

In the second part of Section 3.1 we show that if the functional ¢ is of the form
(1) = Jpa F(p(x)) da, for p € PY(R?) with o = p- Aq, where the function F' : [0,00) — R
is continuous, satisfies F'(0) = 0, is continuously differentiable on (0, c0), }95% sF'(s) =0,

and @(py) < oo for every t > 0 and pg € Po(R?), then F(s) = 5 slogs, s > 0. In Section
3.2 we consider the functionals ¢,, induced by the approximation F,(s) = —t(s™ — s),
s >0, m > 1, and in Section 3.3 we show that the functional ¢ satisfies (3.1). Finally,
using the decreasingness of ¢ — ¢(p;) we prove that pu; satisfies (EVI).

From now on when we consider the space P, (R?) we always assume that it is equipped

with the metric Wa(-, ).

3.1 Displacement convexity

Following Daneri-Savaré [12] we have following proposition.

Proposition 3.1. Suppose that there exists a l.s.c. functional ¢ : Po(R?) — (—o00, +00]
such that for every g € Po(R?), the map (0,00) Dt — Sz(t)po € P2(RY) satisfies (EVI)
with o = 0 and the functional ¢. Then for every (geodesic) curve v : [0,1] — Po(R?)
satisfying

(3.2) Wa(y", %) = Ir = s|W2(7°,7"), 0<ms <1,
and

(33) $(1°), 6(v") < o0,

we have

(3.4) ¢(7") < (1= 5)o(7°) +s6(v') Vs € (0,1).
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Proof. Let s,t1,ty € (0,1) with ¢; < t5. We have

S WE (St ) — 5 WESH (007 7') < (1 — ) [0(7) — 0(S5(t2)7")]. i = 1.2,

by (EVI).
We multiply this inequality by (1 —s) for ¢ = 0 and by s for i = 1, and add. We obtain

(1= $)W3(Ss(t2)v",7") + sW3(Ss(t2)7",7")]

S WE (St 7) + W3 (St 7)]
< (b2 = t)[(1 = 5)6(1") + s6(7") — ¢(Sp(t2)7")].

Using the right-continuity of Sz(t)uo at t = 0, we obtain, letting ¢; — 0,

1
2

(3.5) %[(1 — 5)W3(Ss(t2)7°.7") + sW3(Ss(t2)7°,7")]

— [T = s)WF(*,7°) + sWE(7*,4")] < t[(1 = 5)8(7°) + sp(7') — d(Ss(t2)7")]-

DO —

Next we claim that the left hand side of (3.5) is nonnegative. Indeed, using the inequality
(3.6) (1 —s)a*+sb* > s(1 —s)(a+b)? abeR, sc(0,1),
we get
(1= $)W5(Sp(t2)7"7") + sW5(Sa(t2)r",7")
S S 2
> 5(1 = 5) [Wa(S5(t2)7",7") + Wa(Ss(t2)y", 7)) = s(1 = s)W5 ("9,

using the triangle inequality.
On the other hand, by using (3.2), we have

(1= 5)Wa(7*,7°) + sWa(y*,7")
= [(1—5)s* +5(1 =)’ ]W3(7°,7") = s(1 = s)W3(7°,7").
This establishes the claim. Therefore, after dividing by ¢, > 0, we obtain
A(Ss(t2)r") < (1= 5)6(7) + sd(7").

Using again the right continuity of Sg(t2)y® at t = 0 and the lower semicontinuity of ¢
we obtain (3.4). O

Remark. Observe that in (3.2) equality can be replaced by the inequality <. Indeed,
suppose that the curve 7 : [0, 1] — Pa(RY) satisfies

(37> W2(7T775) < |T - 8| W2<70771)a 0 < rs < 17

then if for some 0 < r < s < 1 strict inequality in (3.7) occurs, then we get

Wa(7°,7") < Wa(7%,77) + Wal(y",7°) + Wa(7°,7")
<(r+(s—7r)+1—5Wa(?°,~7") = Wa(7",7"),

a contradiction.
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The next proposition provides a geodesics between a measure p € PE(R?) and o €
Pa(RY).

Proposition 3.2. Let i € P§(R?) and o € Po(R?). Let 1§ be the optimal transport map
between p and o. Set

Vo= (1 —t)id +tr)up, te(0,1].
Then 4" satisfies (3.2).

Proof. In view of the preceding remark it is sufficient to prove (3.7). Let 0 <t < s < 1.
Notice that ((1—#)id +trg, (1 —s)id + ST’Z)#,M € I'(v*,~7%). Hence

W) < [ e - md((1 - 03 g (1= 5)id + 1) o)
d‘(l—t)x—i—tri() (1—s)x—srj(x ‘2du

=/ [ s—t)x—(s—1t)r] }Qd,u = |s — t|*W3(y,0). O
R4
McCann [17] introduced the notion of displacement converity and proved that many
important functionals ¢ : Py(R?) — (—o0, +00] satisfy

(3.8) O((1=t)id +tr)wp) < (1 —t)p(p) +tp(o), te0,1],
for p € P(RY), o € P(RY).

Such functionals are called displacement convex.

This notion can be generalized. In particular, if u € Py(R?) \ P¢(RY) then optimal
transport maps should be replaced by optimal transport plans [17]. Moreover, the notion
of convexity can be extended to the notion of A-convexity [2]. However, for our purpose
the notion of displacement convexity (3.8) will be sufficient.

In the remaining part of this section we show that if the functional ¢ in (3.1) is of
the form ¢(u) := [pu F(p(z))dz where p € P§(R?) with p = p- )\d, for some function
F :[0,00) — R satlsfymg certam mild conditions, then F'(s) = 5 Bslogs+ Cs, s > 0,
where C' is any real number.

Lemma 3.1. Let F' : [0,00) — R be continuous and satisfy F(0) =0, F|(g,) € C*(0,00)
and liII(l) pF'(p) = 0. Suppose [qq |F(pi(2))|dx < oo for every t > 0 and every p, defined
p—

in (1.6) with arbitrary oy € P2(RY). Then the following holds.

(i) For every ¢ € C*(R%) not identically zero there exists € > 0 such that for every
e € (—¢,8), the map r := id +eVp is the optimal transport map ry, where o =1y
and iy := p; - \g. Moreover, o € P¢(RY), with density pi given by

()

(3.9) pily) = det(I +eJ(V))

o (id +eVp) ' (y)

for every y € R,

(i) Jfou|F(0i(y))| dy < 0o for every t >0, 0 < |e| <€ and p; defined in (1.6).
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(i) If (3.1) holds for every p;, p5 defined above, for everyt > 0 where
o) = [ Flp)de and o(0)i= [ Flsitw)dy,
R R

there exists C' € R such that F(s) = §5 log s + Cs for every s > 0.

Remark. The assumption F(0) = 0 is necessary for [, |F(pi(x)| dz to be finite.

Proof of Lemma 3.1. (i) We choose £ such that [V, < 1. Then r : R — R? is a
bijection, 7 € C1(R? R?) as well as r~! by the contraction mapping theorem and satisfies
the assumptions of Lemma A2.1 of Appendix 2. Therefore o = rypu; € P*(R?) with
density given by (3.9). Moreover

[ ledot@) = [ leidrpmta
— [ F@Bdue) <2 [ Jafdulo) + 22 [ Vo) Bdm(z) < .
Rd Rd Rd
since Vo € C*(R4, R?). So o € PS(RY). Observe that r is monotone, i.e.
(r(x) —r(@),x—2) >0, z,T€ R?,

by the choice of e. Therefore the function () := 1|z|?+ep(z), satisfying Vi) = id eV
is convex. It follows from Lemma A3.1 in Appendix 3 that r = r,.

(ii) Since Vy € C=(R%,RY), it follows from (3.9) that there exists R > 0 such that
pi(x) = pi(z), |z]2 > R. Therefore

F(pi(z))| de = F(pi(z))| dx < o0.
/|M>R| (s ()] /mm' (pe())] dex <

Since pf is continuous as well as F'(pf),
[ 1P de < o
lz|2<R

(iii) Since pi(x), p;(z) are positive, the maps

(—,8) xR 3 (e,2) = F(p;(2)), Fpi(x))

(for fixed t > 0) are continuously differentiable. From parts (i), (ii) and (3.1) we obtain

1) A0 [, BT g ) <y AP0

&l0 2 IOt(x) et0 €
Next we show that lirré M exists. To this end we rewrite ¢(o f]Rd dx
E—
as
pr()
F( )d t(I +eJVy(x))d
/Rd det(T T eI (Vo)) 4ot T/ Velz)) de

by making use of the change of variable formula Setting A(e)(x) := det(I +eJ(Vp(z))),
e € (—£,8), z € R% and G(e,z) := F (L )det A(e)(x), we have G(0,z) = F(p:(x))
and

det A e) ()

(o) —8¢(Mt> _ /R 1 (G(e,z) — G(0,2)] dz, & 0.

d €
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Let R > 0 be such that Vo(z) = 0 for |z| > R. For these z’s G(e,z) = G(0,x), hence

¢o) = Plpe) _ /B Licte ) - G0, 2)] d.

9 (0,R) 9
Since G : (—,8) x R? is C'!, we have for 0 < |g| <E, |z|s < R:

1

Tl ‘G(e’—j, :E) - G<O7'x)‘ < sup

el 0<|s|<z
yeB(0,z)

%(3 )’ < 00
R Y .

Therefore by the Lebesgue dominated convergence theorem we obtain

. 0l0) =) _ [ OG
l%f = o g(o,l‘) dx.

Using the fact that A(0)(z) = 1, we get

20(0.2) = F(pua) (1) - Ale, D)eco - pla) + Fpu(a)) - Al 2) oo

Noticing that 2 A(e,z)|.—o = Tr J(V¢(z)), we obtain

70(0.2) = [Flpe) — p@) ' (pula))] - T I (V).
Setting
(3.11) Lp(p) = pF'(p) — F(p) for p>0,
we have
(3.12) {%M _ /R Lepu(a)) div Vip(a) do.

Combining (3.10) and (3.12) we get

- [ elotanssta) o= [ (Veta). 5 Into) yao = [ Sota)deta) i

Hence

/Rd (LF(pt(il?)) — gpt(x)>A(p($) —0

for every ¢ € C°(R?). Noticing that Lr(p;) — 2p, € C(R?), we obtain by Weyl’s lemma
that Lp(p;) — Zpy is C2(R?) and harmonic, that is

A(Lp(pt(x)) . gpt(m)> —0, zeR<
Moreover, since F' € C'(0,00), F(0) = 0, F € C*(0,00) and liII(l) sF'(s) = 0, we see that
s—

Lrp(pi(x)) — gpt(x) — 0 as |z|s — o0o. Therefore Lr(p(z)) = gpt(a:) for all z € R? as a
consequence of Liouville’s theorem for harmonic functions.
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Moreover, since {p;(z) : t > 0,2 € R%, yy € Po(R?)} = R, we have
Lr(s):=sF'(s) — F(s) = gs, for all s > 0.

Since the C* functions h : (0,00) — R given by h(s) = gslogs + C's where C' = h(1),
satisfy the differential equation
: _p _
sh'(s) — h(s) = 55 h(1) = C,
by uniqueness of the initial (resp. final) value problem we can conclude that F(s)
gs log s + C's for some C' € R. This completes the proof of Lemma 3.1.

Ol

In the next section we shall study the functional

Do) = / o) — pla)) da

am—1

for u € P$(R?) with u = p- Ay, and m > 1. Notice that

1
lim (s™—s) =slogs, fors>0.

milim — 1

3.2 Subdifferential of ¢,,

The aim of this section is to prove the following

Proposition 3.3. Let m > 1, p := p; defined in (1.6) and let o € PS(RY) with density
p € C*(RY). Then we have

(3.13) /Rd plx)™ de — /Rd p(z)™ dx > » m(m —1)p(x)"™ " (Vp(z),r(z) — x) dr.

Remark. Notice that if F,,(s) := s™ for m > 1 and s > 0, then
mlm — Dp(e)™ 'V p(x) = VL, (p(x))
where Lp, (s) .= sF) (s) — Fi.(s), s > 0.

Proof. First we observe that all integrals are well defined. Indeed, both p and p are
continuous, nonnegative, bounded and integrable, therefore the first two integrals are well
defined. Since p(z) >0, z € R%, p € C'(RY), Vp’(’—g) is well defined. So we can rewrite the
last integral as

Vo@) . — x)dx
1) r2(a) o) plo)de

(3.14) mtm =) [ oty

If we set = p - \g, the integral is well defined since Zpg € L*(u; RY) by (2.10) as well as
id, and p is bounded.

The first part of the proof consists of using the “displacement convexity” of the func-
tional p — f]Rd p(x)™dz, property discovered by McCann in his fundamental paper [17].
To this end we consider the optimal transport map rj, between p and 0. Its existence and
uniqueness as an element of L?(u; R?) is guaranteed by Theorem 2.1(ii) since u € Pg(R?)
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and o € Py(RY). Since p € C*(RY) it follows from Theorem 2.1(iii) that there ex-
ists ¢; € Lip(RY) convex such that ri = Vi Ag-a.e. On the other hand, by Theorem
A3.2(iii) in Appendix 3, there exists 15 : R — R convex, locally Lipschitz continuous
and a set N \g-negligible such that for every z € R?\ N, Vihy(z) exists, V9 (x) exists
and is positive definite and finally 1 is such that T = Vg Ag-a.e. Since 1) 1= 1py — 1y is
locally Lipschitz continuous and Vi)(z) = 0 A\g-a.e. in R?, it is constant. We can choose
this constant to be 0, hence ¥ = ¥; = 1)5. By Theorem A3.2(b) we get

(3.15) /Rd plx)™ de = /Rd\N p(z)™(det Vzw(x))lfm der.

Next we use the “McCann interpolant” where we replace the function v by the function
Gs(x) = (1 = s)5lals + sp(x), s€0,1], z €R™

The functions v, are still convex, Lipschitz continuous. Moreover, for x € R\ N: Vi, (z)
exists and Vi (z) = (1—s)z+sV(x), s € [0, 1]; similarly V2, (z) = (1—5)I+sV?y(z),
s €[0,1].

By Theorem A3.3 it turns out that v, is the optimal transport map between p and
sy p. But it is not needed here, what is used is convexity in s of the functions

G(s,z) = (det VQws(x))l_m, s€[0,1], z € R*\ N.
Forgetting the variable x € R?\ N we write
G(s) == (det((1 — s)I + sA))" ™™,
with A = V?¢(z) symmetric positive definite. If B is an orthogonal matrix for which

A = BTDB where
di... 0

k=1
and
¢ log G(s) = a ilog((l —8) + sdy,) " = i(l —m) _ Gl
ds ds — — 1 — s+ sdy
So - ; .
g2 08 G0 =~(1=m 3 15 (—2) T )sdk)z =0

k=1
Therefore G is log-convex, hence G is convex and G(1) — G(0) > G'(07). We have



hence

GO0)=(1-m)> (de—1)=(1-m)Tr A

['herefore
p(x)" da — )" dr = x)"G(1,x) — G(0,x)|dx
/]Rd pla) /Rd pla) /Rd\Np( e, o) (0.2
=—(m-1 )™ Tr(V2(x) = 1) dz.
( )/Rd\Np( ) ( w( ) )

Notice that z +— p(z)™ € WLH(R?) and is nonnegative, we can apply Theorem A3.4 of
Appendix 3 to show that

(3.16)  —(m—1) /R T V() da > (m — 1) /R (Vo™ Vib(x)) da.

Clearly
/ p(x)™ Trlde = / p(z)™ divid(x) dz = —/ (Vp(x)™, x) dx.
Rd Rd R¢

Therefore

/Rd plx)™ do — /Rd p(x)™dz = m(m — 1) /Rd p(x)™ " (Vp(x),r9(x) — ) da. u

3.3 Dénoument (Losung)

In this last section we define the negative Gibbs-Boltzmann entropy functional ¢z on the
space (Po(RY), Wa(-,-)), prove its lower semicontinuity and finally show that p; defined
in (1.5) satisfies (EVI) on (0, 00) with X = Py(R?), d = Wy(-,+), a = 0 and ¢ = ¢. We
first define

slogs, s> 0,

(3.17) F(s) := {0 C— 0.

Then F : [0,00) — R is continuous, strictly negative on (0, 1), strictly positive and

increasing on (1,00), strictly convex, and satisfies hH(l) sF'(s) = 0, lir% F(s)/s* = 0 for
S—r S—

every a € (0,1), lim F(s)/s = cc.
S—00
Let F~ denote the negative part of F', i.e.

Then for every o € (0,1) there exists C,, > 0 (C,, = (ae)™!) such that F~(s) < Cys®,
s > 0. As a consequence, if u € P¢(R?) with density p, then

(3.18) /Rd F~(p(s))ds < oc.
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Clearly F~ o p is Borel measurable and nonnnegative. Therefore for any a € (0, 1)
[ P endr<c. [ ployrde=Co [ pla) 1+ el (14 fol) o
Rd R4 Rd

<c, (/R o(2)(1 + |x\2)2dx>a</Rd(1 + [al) /0 d)

The first integral is finite since € Po(R?) and the second is finite provided 2% > d, i.e.
1>a> ﬁ‘g.

Now we can define the functional ¢g.
Definition 3.1. Let F : [0,00) — R be as in (3.17). Then for u € P»(R?) the functional

¢p : P2(RY) — (—o0, +o0] is defined as follows:

11—«

too it 1 ¢ PE(RY,
+00 if 1€ PYRY) with = p- Ay

and [o, FT(p(x)) dx = +oo,
fRd F(p(z))dx if fle |F(p(x))] dx < oc.

(819)  éuln) =

Lemma 3.2.
(i) ¢r(N(0,t1)) = —2[1 + log(2nt)], t > 0.

(ii) Let p € P(R?) with density p € L*(RY). Then ¢p(u) < co. In particular, if y; is
as in (1.6) with po € Po(R?) and t > 0 then ¢p(i) < oo. Similarly, if o € PS(R?)
with o = p - A\g, and p € C(RY) with compact support, then ¢g(o) < .
Proof. (i)

1 1 d
— log ———— — —|z|? = ——[1 +log(2
/]R;d pt(x) logpt(x) dx /]Rd pt(x) |: 0og (27Tt)d/2 2t’$‘2 dx 2[ + Og( Trt)]?

SO

65N (O, (2) 1)) =0, 65(N(0, (20) 1)) = .

(i)
[ Frpnds= [ (ogpa)) ple) do < max(0,1og o}
R {p(@)>1}
and [o, F~(p()) dz < oo by (3.18), hence ¢ () < oo. O

Next we want to establish (3.1) when o € Pg$(R?) has compact support. The idea is to
approximate F(s) by F,(s) := —15(s™ — s). We shall use the following facts. Let u > 0,
1>h>0.

If u> 1, then

(3.20) (u—1Du> —(u™ —u) Lulogu >0 ash 0.

If 1 >wu >0, then

1
(3.21) 7 |u'™ — |t ullogu| ashlo0.
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Let 1 € P§(RY) with density p € L®(R?). We have [, |F(p(z))|dz < co by Lemma 3.2.

We claim

(3.22) / Flp() de = tim | S (pl)"  pl)
Indeed,
[ Pty - /{ RACCLS /{ A

:A&wuﬁﬂgéjwww—Mmﬁw—4¥kugﬁgijwuw—m@ﬁm.

Making use of (3.20) and (3.21) we obtain by Lebesgue monotone convergence

1 1
it {2 o)™ = pla) o = T [ T (p(a)” — plo) o
/{vp(x)>1} m>1{ m—1 } m;l {p(z)>1} TV — 1
as well as
[ nt{ e - pa) e =l [ (o)™ pla)) da
{p(z)<1} m= S Hp(ay<ay M

This implies the claim.
Now, let p be the density of o € P§ (Rd) with compact support. Combining (3.22)
with (3.13) and using [, p*(x) dz = [, pi(x) dz = 1, we obtain

[ Foends = [ Pl s

R ) (Pla)™ = p()) = (pe(2)™ — pe()) } do
~tim [ ﬁ(ﬁw — o)) da
> lim mp )"V p(), 70 (x) — ) do = / (Vpe(x), ri(2x) — x) da.
mil Ré

In the last equality We used the Lebesgue dominated convergence noticing that 1 <
m < 2, p(x)" {Vpy(x) ro(x) —x)|, x € RY, where py(z)" ' < C = C(t,d) and

(V). ri o) — )] de = [ | Vm@[ﬂ@»—x‘@ﬁ@
/Rd /Rd pi(z)

<[

< Q.

—id
12 (R I = e
Therefore (3.1) holds for any o € P$(R?) with compact support, with ¢ = ¢p.
Combining what precedes with (2.21) and (2.4), we obtain the following result.
For every o € P¢(R?) with compact support and for every ¢ > 0 such that |/|(¢) exists
as well as the derivative of t — W3 (i, o), we have

d 1

(3.23) S Wa o) < 5 (65(0) = d(1m)
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where i is defined in (1.5).

In the next step we show that the function (0,00) 3 t — ¢g () is nonincreasing. In
view of semigroup property and the fact that ¢g(u;) < oo for ¢t > 0 it is sufficient to prove
that

(3.24) ¢r(Ss(t) o) < dr(po) fort >0

whenever g € P$(R?) and py, the density of o being continuous, positive and bounded.
Notice that

pi(r) = / pat(z —y)po(y) dy, z €RY,
Rd

hence by Young’s inequality for convolutions we have

([ tonmae)™ < ([ mopmar)™, m>1,

Therefore by (3.22), taking into account o, pi(x) dx = [4. po(x) dz, we obtain

/R Flpfa)dr =Tim L / (o)™~ i)

milm — 1
1
<lim —— m— dr = F dz.
<tin—— [ ()"~ m)de = [ Fnla)) da
This establishes (3.24).
Using the nonincreasingness of ¢ — ¢ (1) and integrating (3.23) over 0 < t; < ty we
get
1., J 5
(325) 5 WZ (:U't27 U) - 5 W2 (:utlva) < (t2 - tl) § (¢E(O-> - ¢E(:U’t2))
for every 0 < t; < ty, 0 € P$(R?) with compact support. Observe that we have used
the absolute continuity of ¢ — W2(us, o). In the “almost” final step we want to use in
(3.25) sequences o™ approximating o € P$(R?) such that the density of o denoted by p
is essentially bounded above.
We define for n large enough:

e = ([ pam(zyde) @z we R

where n € C®(R?), 0 < n(z) < 1, z € RY and n(x) = 1, |z, < 1. Clearly 0 < p,,
Jga Pn(x)dz = 1 and p,, has compact support. Set o™ := p, - As. Then o™ € Pg(R?).
Moreover, by using the Lebesgue dominated convergence theorem we have

tim [ Fa)n(z)de=1,

n—oo R4

im [ g(@)pule) de = / o)) da

n—o0 R4 Rd

for every g € BO(R?) and

lim / 2250 (z) do = / 22(z) da.
Rd ]Rd

n—oo
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Therefore by Proposition 1.3(iii), lim W)(c", o) = 0.
It remains to show that ¢E(J”7)1T>O ¢p(0) as n — oo. Clearly
F(pn(z)) =3 F(p(z)) for a.a. z € R
Moreover, there exist My, My > 0 such that
0 < pu(z) < Mip(x) < My for every x € R n > 1.
Therefore there exists M > 0 such that
F*(pu()) = (log pu (@) pu(w) < Mp(x) ae. in RY,

hence
im [ F(.(2) do = / F*(3(x)) da.
n—oo Rd Rd
On the other hand we have seen that there exist a € (#‘ZQ, 1) and C, > 0 such that

F~(s) < Cyas%, s > 0. Therefore F~(p,(z)) < CoM{p*(x), x € R, and [, p*(z) da < 0o
by (3.18).
Consequently
im [ F(5,(2)) dz = / F~(3(x)) da.
n—ro0 Rd ]Rd
Therefore we have shown that ¢g(c") = ¢p(0).
Using the continuity of the metric, we can pass to the limit in (3.25) where o is replaced
by ™. We obtain

1 1

(3.26) 3 W3 (j1,, 0) — 3 W3 (paay,0) < (ta — 1) g (Pr(0) — dr(ut,))

for every 0 < t; < ty and every o = p- \g with 0 € P¢(R?) and p essentially bounded
above.

Finally we want to remove the boundedness condition on the density of 0. Let o €
PL(RY) and let p be its density. We consider the following approximations of p. Let
m > 1. Set

(3.27) Zm 1= /Rd(p(x) Am)dzx.

Clearly 0 < z,, T 1 by the Lebesgue dominated convergence theorem.

(3.28) pm(x) = 2. (p(x) Am), xR
Then [p, pm(2) dz =1 and we set
(3.29) Om := Pm " N
Clearly o, € P¢(R?) and (3.26) holds with o replaced by o,,. We claim
(3.30) mh_rgcl>o Way(om,0) =0,
(3.31) lim F*(pp(z)) dz = / F*(p(z)) du,
m—=00 JRd R4
(332 i [P Gue)de= [ (o),

m—roo

As a consequence ¢p(0,) — ¢r(c) and (3.26) holds for every o € Pg(RY). When
o € Po(RY) \ P¢(R?), pp(c) = +00, hence (3.26) also holds.
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Proof. (3.30). By Proposition 1.3(iii) it is sufficient to show that o, = o and ms(0,,) —
ms(c) as m — oo. This is a direct consequence of the Lebesgue monotone convergence
theorem and the fact that z,' — 1 as m — oo.

(3.31).  Clearly F*(z. (p(z) A m)) — Ft(p(z)) ae in RY as m — oo. If
Jea FT(p(z)) dz < 400 then F*(z,'(p(z) Am)) < 27 F(p(z)) and the result follows
from the Lebesgue dominated convergence theorem. If [, F"(p(z)) dz = +o0 then

o P (2 (p(x) Am)) > ((log 21Y) + log(p(x) Am)) ™ (p(x) Am)
+

T ((log 21") +log p(x)) " p(z), asmt oo, ae. in R%

Therefore

tiw [Pz ple) Am)) de = [ (o 2) 4 log p(o) pla) do = o

m—oo J R4 R

(3.32). Clearly F~(z.'(p(z) Am)) — F~(p(r)) a.e. in R? as m — oco. By (3.18)

Jpa F~(p(x)) dz < co. Moreover, as for (3.18), there exist a € (#‘2, 1), C,, > 0 such that

F~ (2, (p(x) Am)) < Cazp(pla) Am)* < Cazy “pla)”.

Since [ p(2)* dx < oo, we are done. O
We conclude this section by proving the lower semicontinuity of ¢p.

Theorem 3.1. Let ¢p : (Po(R?), Wa(-,+)) — (—o00, 4+00] be as in (3.19). Then

(i) The functional ¢ is lower semicontinuous.

(ii) The function (0,00) 2t — u; € P(R?) defined in (1.5) satisfies (EVI) with o = 0
and ¢ = gng. Moreover, Ilsinol Wa (e, po) = 0.
—

Proof. (i) Ls.c. of ¢g.
Let p, u™ € Po(RY), n > 1, and ¢ € R be such that lim Wy(u", 1) = 0 and ¢x(p"”) < c,
n—oo

n > 1. We have to show that ¢g(u) < c. Clearly u™ € P$(RY), n > 1, and let p,, denote

the density of u”. As in the proof of (3.18), we have for some o € (d;-‘il-2’ 1) and C, > 0,

[ Funde < ([ ) folo?de) ([ (4 fal) 000 d) " < o,

for some M, independent of n. Therefore
(3.33) / F(pn(x))de <c+ M;, n>1.
Rd

Since F*: [0,400) — [0,400) is convex, continuous and satisfies F'*(p)/p diverges as
p — 00, it follows from Lemma 3.4 and Corollary 3.5 of [17] that u € P(R?). If p
denotes its density, we have [p, F*(p(z))dzr < co and

dp(pn) = /Rd F(p(z))dx < oo.
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It remains to show that [, F(p(z)) dz < ¢. We have for any R > 0
(3.34)
-«

/Rd\BR Fionle))de = Co </Rd po(@)(L+ al2)" dm)a (/Rd\BR(l + [ap) 72/ dx> ,

where o € (#2, 1). Since Wy(u", 1) — 0, the first integral in the RHS of (3.34) is bounded
above by some constant '} independent of n. Therefore we obtain

(3.35) lim sup/ F~(pp(x))dx =0,
Rtoo n>1 Jrd\Bg
where By denotes the ball of radius R centered at 0 in R¢.
Since [0,00) 3 s — F\(s) is convex and [0, 00) 3 s — F'*(s) is nonnegative and convex,
we have for any 0 < R < o0

(3.36) | Fotandr< tm [ Fu@)ds
(3.37) / Frp@)de < lim [ F*(pu(a)) de.
R4\ Bgr n—oo JRI\ B

Inequality (3.37) can be obtained as in Lemma 3.4 of [17] by proving first that

[ P <im [ P @)

RNBR4z n—o0 JRNABg

for any € € (0, R). This can be done by using ¢ < & small enough in the proof. Then one
lets € tend to zero. In inequality (3.36) F' is not nonnegative, but bounded below. So if
m := min F' we can add fBR m dx, which is finite, to both sides of (3.36) in such way the
new function F(s) + m becomes nonnegative. Then we can establish (3.36) for this new
function in the same way as in (3.37) proving it first for B replaced by Br_z, 0 <& < R
on the LHS. Therefore since for any R < oo,

/Rd F(p(z))dz < /BR F(p(x))dz + /Rd\BR Ft(p(z)) dz,

we obtain from (3.35), (3.36) and (3.37)

Afwmwgmg Flon(@))de+ lim | F*(pu(a)) do

n—oo J By n—o0 JRI\ By

< lim [ F(pn(z))de+ lim (F*(pn(x)) = F~(pn(2))) dz

n—o00 J Br n—o00 ]Rd\BR

+ sup /R o ) e < lim [ Plpua)) o sup /R o, T )

k>1 n—oo JRd k>1

By (3.35) letting R tend to +oo we obtain

/Rd F(p(z))de < lim | F(py(x))de < c.

n—oo JRd

This completes the proof of the l.s.c. of ¢g.
(ii) The first part has been proved in Section 3.3 and the second part in Section 1.2. [
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Appendix 1

The aim of this appendix is to recall, mostly without proofs, some results concerning
functions of bounded variation.

Let (X,d) be a (not necessarily complete) metric space. Let a,b € R with a < b and
let u: [a,b] — X. Given a partition 7, a =ty < t; < ... <t, =b, let

V(mu) = Zd(u(ti,l),u(ti)).

Then u is said to be of bounded variation (with respect to the metric d) if sup V (m; u) < oo.

We denote by BV([a, b]; X) the collection of all X-valued functions which are of bounded
variation. We use the notation

(A1.1) V (u; [a, b)) :=sup V(m;u) over all partitions 7 of [a, b].
Clearly if u € Lip([a, b]; X') then u € BV([a, b]; X) and V (u; [a, b]) < [u]rip(b—a). Asin the

case X = R one shows that if u € BV([a, b]; X) and ¢ € (a,b) then u|j,q € BV([a, c]; X),
uliep) € BV([c,b]; X) and

(A12) V(s [0, 8) = V(ulaess [0, ) + V(e [0:0]).
We shall denote by V,(t) the real-valued function defined by
(A1.3) Vu(t) ==V (u;a,t]), tela,b].

We have for a < s <t <b

(AL4) A(u(s), u(t)) < V(t) — Vals) = V(u; [5,1]).

The function V,,(-) is nondecreasing and satisfies V,,(a) = 0.
Let v : [a,b] — X. If there exists a nondecreasing function M : [a,b] — R such that

d(v(s),v(t)) < M(t) — M(s)

holds for all @ < s <t <b, then v € BV([a,b]; X) and V,(t) < M(t) — M(a), t € [a,b].

It follows from (A1.4) that if u € BV([a, b]; X), then the set where u is not continuous
is at most countable. Also if V,(-) is continuous then clearly w is continuous. On the
other hand, it can be shown as in the case X = R that if u is right (resp. left) continuous
at t € [a,b] then V,(-) is also right (resp. left) continuous at t.

The next lemma is useful.

Lemma A1l ([7], Appendix). Let u € BV([a,b]; X). Then we have for all h in (0,b — a)

(A1.5) /b_h d(u(t), u(t + h)) dt < hV(u;a,b]).

Proof. Since the set of discontinuity of u is at most countable, the same holds for the
bounded functions ¢ — d(u(t),u(t + h)), t — V,(t) and t — V,(t+ h) on [a,b— h]. Hence
these functions are integrable. Using (A1.4) we have

b—h

/ T )t m)dt< [ Vil + by — Vi) de

a

_ / " V(b de - / TV < / Ve < W) = W (). O
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A function u € C([a, b]; X) is not necessarily of bounded variation but if u is absolutely
continuous (see Definition 1.4), then it is of bounded variation and V,(-) € ACla,b] as
in the case X = R. Conversely, if u € BV([a,b]; X) and V,(-) € AC|a,b] then u €
AC([a, b]; X).

Let v : [a,b] — X be such that there exists a function M : [a,b] — X nondecreasing
and absolutely continuous. Then by what precedes we have v € BV([a, b]; X) and V,(t) <
M(t) — M(a), t € [a,b]. It is easy to verify that V,(-) € AC|a, b] hence v € AC([a, b]; X).
Notice that M is absolutely continuous iff there exists m € L'(a, b) nonnegative such that
M(t) — M(s) = fstm(r) dr,a < s <t <b. It follows that for v : [a,b] — X we have
v € AC([a, b]; X) iff there exists m € L'(a, b) nonnegative such that

(A1.6) d(v(s),v(t)) < /tm(r) dr, a<s<t<b.

In this case (A1.6) implies V,(¢) ) < f ) dr, hence

td
/%%(T)drﬁ/m(r)dr, a<s<t<h.

It follows that LV, (r) < m(r) a.e. in (a,b).
We conclude this Appendix by showing that if v € AC([a,b]; X), then the metric
derivative |1|(¢) (see Theorem 1.1) exists for almost all ¢ € (a,b), |4 € L*(a,b) and

lal(t) = %Vu(t) a.e. in (a,b).

Proof ([2], Theorem 1.1.2). Let u € AC([a,b]; X) and let N, be a subset of (a,b) with
measur zero such that 2V,(t) exists for every ¢ € (a,b) \ N,. Since u([a,b]) is compact
in X, it is separable. There exists a countable subset E of u([a,b]) which is dense in
u([a,b]). For every e € E the functions d(e,u(-)) € ACla,b] and let N, be a subset of
(a,b) with measur zero such that £d(e, u(t)) exists for every ¢ € (a,b) \ N..

Set N := N,U |J N,. For t € (a,b) \ N set

eck

((t) := sup
eck

%d(e,u(t))‘ and (1) =0, ¢ € N.

Then /¢ is nonnegative and measurable. We have

d(u(s),u(t)) = sup|d(e, u(s)) — d(e, u(t))| < / Ur)ydr, a<s<t<b.

ecE

Let t € (a,b) \ N. Then

((t) = sup lim jdle,u(®) = dle,uls)| _ [0, ul)]

eclk s—t |t - 5| s—t |t - 5|

) V)|
s—t |t - 3| dt

It follows that ¢ € L'(a,b). Let Ny be a subset of (a,b) of measur zero such that every
t € (a,b) \ Ny is a Lebesgue point of ¢. For every t € (a,b) \ N, we have

EM < ().

s—t |t — s| -
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Hence for every t € (a,b) \ (N U N;) we have

—d(u(s), u(t)) _ . d(u(s),u) _ d
T TR

Therefore on this set the metric derivative |4|(t) exists and |i|(t) = £(t) < LV, (¢).
On the other hand, since d(u(s), u(t)) < f;ﬁ(r) dr, a <t <s<b, wehave £V,(t)

<
((t) a.e. in (a,b). It follows that |4|(t) = LV,(t) a.e. in (a,b). O

Appendix 2

In this appendix we recall a smooth version of the formula of change of variables in
integrals. As a consequence we establish the absolute continuity of some image measures

and give a formula for their densities. Finally as a simple application we prove inequality
(1.33).

Lemma A2.1. Let f € CH(R%R?) be bijective and satisfy |.J f(z)| > 0 for every x € RZ.
Here J f(x) is the Jacobian (determinant) of f at x, i.e.

0

(o) = det | 520

1<i,j<d

Then for every g : R — [0, 00| Borel measurable we have

(A21) [ swis= [ ss@is@lds
R4 Rd
Moreover if u € P*(R?) with density p then fyu € P*(RY) with density p given by

o pofiy)
(A2.2) Ply) = |det(Jf)(f~H(y)]

We recall how (A2.2) can be deduced from (A2.1). Let g € C.(R?) (continuous with
compact support). Then clearly

y € RY

[ sl dttst) <o

and we have

/Rdg(y)d(f#ﬂ)(y):/Rd(gof)(x)p(x)dx:/ (g0 N)@)p(z)

o det(7 ) DI

This implies the claim.
As an example we consider f(z) := Az with A > 0. Then

(A2.3) ply) =A"p(\'y), yeR?
Now let u = N(0,1) with p(z) := (25(1/26""”‘3/2. Set fi(x) := Az and fo(x) := Ao,

)\1,)\2 > 0, and (fl,fg)(l') = ()\1I,/\2ZL'), xr € R¢. Then (fl,fg)#,u c F(fl#,u, fg#,u)
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Notice that fiupu, faup € Pp(R?) for every p > 1. Therefore,

W ipti fag) < [ Jon = wlf (i f) s, o)
R4 xR
= [ Por = daolgdue) = = xap [ Jolgdita)
R4 Rd
= mp(N(O, I))|)\1 — )\2|p = ap7d|)\1 — )\2|p.
Choosing \; := (Bt)'/2, Ay := (Bs)"/? with 0 < s, and using (A2.3) we obtain
W,(N(0, BtI), N(0, BsI)) < a7 BY2[1/2 — 5172,

which together with (1.32) implies (1.33).

Appendix 3

The aim of this Appendix is to prove some results used in Section 3.
Lemma A3.1. Let p € P(RY) with density p > 0 Mg-a.e. in RY. Let b € C1(RY) be
convex with Vi) € L?(u; RY). Then

(i) 0 := Vipgu € Po(R?),

(ii) 77, the optimal transport map introduced in Theorem 2.1(ii), satisfies

(A3.1) ro =V in L*(p; RY).

Proof.
(i) Vy € C(R%R?), hence is Borel measurable, therefore Vipuu € P(R?) is well
defined. Moreover, we have

[ @@ = [ 190 ) <

hence o := Vipyu € Po(R?).
(11) Let v := (id, Vw)#u € I'(u,0). For any open ball B,(z), r > 0, z € R? x R?, such
that B,.(z) N {(z, Vi(z)) : z € Rd} &, we have

Br(2) Re xRd R4

Therefore suppy C {(z, Vi (z)) : € R?} (see Definition 1.5).

Moreover, the set {(m, Vi(x)) : oz € Rd} is cyclically monotone in R? x R? since it
is the subdifferential of ¢ (see Appendix of [17]). Therefore it verifies condition (1.42)
of Theorem 1.3, hence v € To(y, o). By Theorem 2.1(i) and (ii) we have Vi = 7 in
L?(1; RY), hence also, since p > 0 \g-a.e., Vi)(z) = 77 (7) Ag-a.e. ]

In Lemma A3.1 we can always take V1 identically zero. Then o = §p the Dirac
measure at 0. One may ask under which conditions on V) as in Lemma A3.1 we have
o € PY(RY).
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Assuming V¢ : R? — R? is injective, a necessary and sufficient condition for Vb4 u to
belong to P¢(R?) can be given in terms of the so-called Aleksandrov derivative (Hessian)
of ). We recall its definition in the case of 1) € C1(RY), ) convex.

We say that the function ¢ has an Aleksandrov Hessian at xo € R if there exists a
d x d matrix A such that

1

(A3.2) ¥(z) —(z0) — (Vi(20), 2 — 20) — 5 (2 = o) Az — o)

=o(|r — z0|3) as z — 0.

If such A exists, it is unique and symmetric nonnegative definite. It is denoted by V?¢(xg).
It turns out that such V21 (zy) exists for A\g-almost all zy € R%
We are now in a position to formulate the promised necessary and sufficient condition.

Lemma A3.2. Let p € P(RY) with density p > 0 A\g-a.e. in RY. Let v € C*(R?) be
convex with Vi) € L*(u; R?). Suppose moreover that there exists a Borel set ¥ C R such
that \g(R?\ ) = 0 and V)|s : & — R? is injective. Then Vipyup € PIH(RY) iff

(A3.3) V2 (x0) is positive definite for \g-a.a. xo € R%

If this is the case and Vypu = p- g then
- - _ plx)
(A3.4) p((Ve) H(z)) = dot V20()

for every x € ¥ such that V¥ (z) > 0.
Moreover, if F': [0,00) — [0,00], F(0) =0, is a Borel function, then

(A3.5) /R F(Gy)) dy = /R dF<$%) det V24 (x) da.

In particular, if ¢ is replaced by ¢. where ¢ > 0 and ¢.(z) := £|z[3 + ¥(z), 2 € R?,
we can take ¥ = RY V. is also surjective and condition (A3.3) is always satisfied.
Ve pp € PHRY) and (A3.4), (A3.5) hold with 1 replaced by .. Moreover,

(A3.6) limn W (Ve 1, Vipppt) = 0.

Proof. The first part of Lemma A3.2 is a direct consequence of Lemma 5.5.3, formula
(5.5.3) and Theorem 5.5.4 in [2]. Concerning the second part with € > 0, it is well known
that the map V. : R? — R? is bijective. Indeed, for every y € R? there exists one and
only one 7 € R? such that

Ve(T) — (y,Z) < Yo(z) — (y,2) for all z € R?,

and this T € R? satisfies Vi).(T) = y. Notice that condition (A3.3) is satisfied since
V2. (xg) = el + V*(x) whenever V1) (z) exists.
Finally,

2
W3 (Vipe ot Vipyp) < /d d‘V@Da(x) — V@D(m)‘Z dp(z) = ®mo(p) =0 ase—0. O
RexR
In what follows we shall consider situations where the function v is not necessarily
ot
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Definition A3.1. Let Q be a nonempty open convex subset of R? and let 1 :  — R be
a convex function. Let xy € 2 be such that v is differentiable at x5. We shall denote the
set of differentiability of ¢» by D(V). We shall say that ¢ has an Aleksandrov derivative
(or Hessian) at xg if

(i) xo € D(V?) and
(ii) (A3.2) holds for some d x d matrix A.

If such a matrix exists it is unique and nonnegative definite. It is denoted by V2t (z),
and the set {zg € Vi) : V2(x) exists} will be denoted by D(V?1)).

Theorem A3.1 (see [3], Theorem 1.4 (Aleksandrov)). Let Q2 be a nonempty open convex
subset of R® and let v : Q — R be a convex function. Then

(i) ¢
(ii)
(iii) Aa(Q\ D(V*))) =0,
(iv) ¥V

18 locally Lipschitz continuous,

D(V1)) is a Borel set and \g(2\ D(V)) =

Y D(Vi) — R? is monotone and Borel.

Next we consider a sharpening of Theorem 2.1(ii).

Theorem A3.2 (see [3], Theorem 2.3 ii), iii) and Theorem 4.4 of [17]). Let u € P$(R?)
and o € P2(R?). Then

(i) there exists a convex function v : R? — (—oo, +0o0], whose finiteness domain D (1))
has nonempty interior and satisfies

(A3.7) w(R\ D(¥)) = p(R*\ D(Vy)) =
such that Vo) = 19 in L*(u; R?).
(ii) If o € PHR?) as well, then

(a) r#orf =id p-a.e. in RY,
roork =id o-a.e. in RY,
moreover the set {x € D(V) : V*(x) exists and V*(x) is not invertible}
15 p-negligible.

(b) If F: [0,00) — [0, 00] is Borel measurable and satisfies F/(0) = 0, then (A3.5)
holds.

(iii) If, in addition, p—the density of u—satisfies p > 0 Ag-a.e. in RY, then D(y)) =
R?, + is locally Lipschitz continuous, V() exists Ag-a.e. as well as V2(x), and
V2i(x) is invertible a.e. in RY.

Finally, we give a sharpening of Lemmata A3.1 and A3.2.

Let 11 € Po(R?), ¢ : R? — R convex, be as in Lemma A3.1 but without the condition
Y € CYR?). Let D(V) be the set of differentiability of 1 or equivalently the set
{z € R%: Oyy(x) is a singleton} (see Appendix of [17]). In view of Theorem A3.1, D(V1))
is a Borel set and the map Vi : D(Vy) — R? is Borel. Therefore for A Borel in R?

90



(Vip)~(A) is Borel in R? and its measure p is well defined. It will be called the push-
forward of p through Vi and (V1)) xu(z) € P(R?). Moreover

/Rd 9(x) d(V)yu(x) = / g(V(z)) du(x)

D(Vy)

for every g : R? — [0, oo] Borel function.
It is shown in [17, Lemma 4.1] that

(Vi) pu(A) = u(0y*(A)),

for every Borel set A in R? where 1)* is the conjugate of ).
We are now in position to state

Theorem A3.3. Let u € PHRY), ¢ : R? — R conver, be as in Lemma A3.1, but without
the assumption 1 € C*(R?). Then

(i) the conclusions of Lemma A3.1 hold;

(ii) if, in addition, there exists a Borel set ¥ C D(V4) such that \g(R?\ ) = 0 and
Vs : 2 — RY is injective, then (Vib)gu € P(R?) iff (A3.3) holds. In this case
(A3.4) and (A3.5) hold;

(iii) of ¢ is replaced by Y. as in Lemma A3.2, we can take ¥ := D(Vi.) = D(V).
Then condition (A3.3) is always satisfied, Vi xp € PHR?Y) and (A3.4), (A3.5)
hold with 1 replaced by .. Moreover, (A3.6) holds.

Proof. The proof is quite similar to the proofs of Lemmata A3.1 and A3.2 and therefore
it is omitted. O

We conclude the Appendix by stating a result due to Calderén-Zygmund (see [1])
which allows us to relate the trace of the Aleksandrov derivative of a convex function
with the divergence in the sense of distribution of its gradient.

Theorem A3.4. Let v : R? — R be convex and Lipschitz continuous. Let D(V1)),
D(V?) be as in Definition A3.1. Then Vi is bounded and |Vib|y < dY?[1]Lip.

Moreover, by the Calderon—Zygmund theorem we have

(A3.8) / utr(V*)) dr < —/ (Vu, Vi) dx

]Rd

for every u € WHH(RY) which is nonnegative.

Appendix 4

Proposition A4.1. Let € P3(RY), 0 € Po(RY) and r € L*(u;RY) be the unique
optimal transport map introduced in Theorem 2.1. Then 1 € Tan,(P(R?)), defined in
Definition 2.1.

In the proof we shall use the following
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Lemma A4.1. Let € P§(R?), 0,0" € Po(R?) and let rf,
optimal transport maps. Then

(A4.1) lim W(o",0) iff lim |[rg" =7
n—o0 n—oo

H HLQ(M;Rd)

ry  be the corresponding

=0.

Proof. (if)
Wio"o) < [ 1" @) = ri@)auta)
since (17", 77)up € I'(0™, 0).

(only if)
First we show

(A4.2) lim <7’Zn (), u(z)) dp(z) = /Rd (r7(x), u(x)) du

n—oo R4

for every u € BC(RY).

To this end we consider the sequence %‘jn of optimal transport plans in I'g(p, 0™), n > 1,
whose existence and uniqueness is guaranteed by Theorem 1.2(i). Since Wy(c", o) — 0
as n — 0o, we have 0" = o and my(c™) — ma(o), n — o0, as a consequence of
Proposition 1.3(iii). The uniqueness part in Theorem 1.2(i) together with Proposition
1.2(ii) implies that 77" = ~7 in P(R? x RY). Since my (i), ma(0), ma(0™) < 00, n > 1, we
have 77 € Po(R? x R?Y), 77" € Po(R? x R?). Moreover, since may(0™) — ma(0), it follows
from Proposition 1.3(iii) (in R? x R?) that

lim fla,y)dyy (z,y) = de Rdf(x,y)dvﬁ(x,y)

n=0 JRdxRd
for every f € C(R? x R?) such that there exist Cy,Cy > 0 for which
[f(@,9)] < Cor+ Collals + 1yl3),  ,y €RY
Choosing f(z,y) = (u(x),y), z,y € RY, u € BC(R?), we have f € C(R? x R?) and

1 1
U@wHS§WMi+§M§ z,y € R%

Therefore f satisfies the required conditions and

[ ) @) dute) = [ o)) o)

=5 [ o)) dGe) = [ (uta)rg) duta),

since vzn =1id x Tzn and 77 =id x rj, by Theorem 1. 2(ii).

This completes the proof of (A4. 2) Next we prove that 7 o" converges weakly to ry, in
o HL2 LRd)? of (A4.2) with
u € BC(RY) and of the fact that BC(R?) is dense in L?(p; R?). Indeed, if ||rg"
M, n > 1, for some M > 0, given u € L?(u; RY), we have

[ ) du= [ )

< (1 17 g W7 =l + | [ o) = [ () ],

L*(p; RY). This will be a consequence of the boundedness of Hr

Iz ||L2( ;R4) <
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Given ¢ > 0, choosing u € BC(R?) such that the first term of the right hand side is
smaller than 5§ and N > 1 such that for n > N the second term is smaller than 5 by
(3.24), we obtain the weak convergence of rZ" to 7.

Finally we show that
lim [ |r7 (2) | dp(= /|T‘ )5 dp(x).
n—,oo R

We have |Wy(u,0™) — Wo(u,o)| < Wo(o™,0) — 0 as n — oo. Therefore W(u,o™) —
W3 (p,0), i.e

[ 07 @) = el dnte) > [ | rite) = ol duto)

Since 2 [, (r7" (x),z) du(x) = 2 [pa (r9(x),2) du(x), we have

[ @ duto) > [ rzBauta).

This completes the proof of Lemma A4.1. O]

Proof of Proposition AJ.1.

Step 1. o € P(R?) with compact support.

Let ¢ : RY — R be the convex function of Theorem 2.1(iii). Since ¢ € Lip(R?),
o € LY(11;RY) (Jo(z)] < |¢(x0)|[+Clr—20]2), and Vo € L?(p; RY) (Vip is Borel measurable
essentially bounded), we can invoke Lemma 2.1.

Step 2. o € P3(R?) with bounded density.

We can approximate o by a sequence o € P$(R?) with compact support in the W(-, -)
metric as it is done in Section 3.3. Then we can apply Lemma A4.1, since Tan,(Py(R?))
is a closed subspace of L?(u;R?).

Step 3. o € Py(R?).

We can approximate o by a sequence o,, € P(R?) with bounded density as it is done
in Section 3.3. Then we apply Lemma A4.1.

Step 4. o € Py(RY).

We approximate o by o, := Ss(1)o € Pg(R?) in the Wa(+, ) metric and apply Lemma
A4.1. This completes the proof of Proposition A4.1. O
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