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Preface

These Lecture Notes grew out of a seminar held at the Mathematical Institute of the
University of Leiden. The aim of this seminar, organized by Onno van Gaans and the
author, was to study the very interesting book of L. Ambrosio, N. Gigli and G. Savaré,
Gradient Flows in Metric Spaces and in the Space of Probability Measures, [AGS]. In these
Notes we restrict ourselves to the case of “Gradient Flows” induced by an “Evolution
Variational Inequality” (EVI) involving only the distance function of the metric space, a
functional defined on the metric space and a real number as in [AGS], (4.0.13).

In Section 1 it is shown how a differential equation in a real Hilbert space governed
by the subdifferential of a (quasi-)convex functional can be rewritten as an EVI. Unique-
ness of solutions to the corresponding initial-value problem is obtained in Section 2 as a
consequence of a priori estimates requiring only the lower semicontinuity of the functional.

In Section 3 the problem of existence of solutions to the initial-value problem is ad-
dressed in the case where the metric space is a real Hilbert space and the functional ¢ is
(quasi-)convex. This section serves as a motivation for the study of the beautiful theorem
of Ambrosio, Gigli and Savaré [AGS, Theorem 4.0.4], which establishes the well-posedness
of EVI, under general assumptions which strictly generalize the assumptions of the Hilbert
space case. This is done in Section 4 (Theorems 4.1 and 4.2). In contrast to [AGS] we
have adopted a “Crandall-Liggett” approach for the proof of the existence of solutions.
This part is based on a joint work with Wolfgang Desch [CD2]. Although this approach
does not provide the optimal rate of convergence, for appropriate initial values, it seems
somewhat simpler than the approach in [AGS]. For the sake of completeness we include
the statement and the proof of results of [AGS]. Moreover, we refer the reader to the last
sentence of Part I of the Introduction of [AGS]. Section 5 is devoted to some applications
of the theory to spaces of Probability measures, as in [AGS].
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1 A notion of “gradient flow” on a metric space

The aim of this section is to introduce a notion of “gradient flow” on a metric space which
generalizes a class of gradient (semi-)flows on a Hilbert space. We recall that a flow on a
(nonempty) set X isamap ®: I x X — X, [ := R, satisfying

(1.1) O(0,z) =2 and D(s,P(t,z)) = P(s+t,2)

forall z € X and t,s € [. If I := Ry = [0,00) then the map ® is called a semi-flow
on X. Given a (semi-)flow ® on X we can define a family {S(¢)}+e; of maps (operators)
of X into itself by setting

(1.2) S(t)r :=d(t,x), tel, zelX.

This family of operators in X satisfies the (semi-)group property
(1.3) S(t+s)=S(t)oS(s), t,sel,
‘ S(0) = Iy,

where Ix stands for the identity operator in X.
Conversely, a family of operators {S(t) }+e; in X satisfying (1.3) induces a (semi-)flow
® on X by setting

(1.4) O(t,z) :=S(t)x, tel, zelX.

Observe that if @ is a flow then the operators {S(t) }4er are bijective and (S(¢))~! = S(—t),
teR.

If (X, d) is a metric space, a (semi-)flow ® on X is called continuous if the map (¢, z) —
(¢, x) is continuous. Obviously if a flow ® is continuous the orbits [ 5t — S(t)xr € X
are continuous. A (semi-)group (S(t)):es of operators on X is called a Cy-(semi-)group if
its orbits are continuous.

We recall that a map F' : (Xi,d;) — (Xa,ds), where (X;,d;), i = 1,2, are metric
spaces, is called Lipschitz continuous (F € Lip(Xy; Xs) or Lip(X;) whenever X; = X5) if
there exists k > 0 such that

(1.5) dy(F (), F(y)) < kdi(2,y)

for all z,y € X;. The smallest number %k for which (1.5) holds is called the Lipschitz
constant of F' and will be denoted by [F]ip. Observe that

dy(F(z), F(y))
dl(x>y)

In what follows we shall only be interested in (semi-)flows on X such that the cor-
responding {S(t)}+e; are Lipschitz continuous. If in addition the Lipschitz constants
[S(t)]Lip are uniformly bounded on bounded subsets of I, the corresponding (semi-)fow
is continuous. If for some w € R [S(¢)]Lip < e for all t € I, the (semi-)group {S(¢)}ier

[F]Lip:sup{ tx,y € X, x;«éy}
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will be called a (semi-)group of quasi-contractions, of contractions if w = 0 (or a quasi-
contractive, resp. contractive, (semi-)group of operators).
The collection of all Cy-semi-groups {S(¢)}+>0 on a metric space (X, d) which satisfy

[S(t)]Lip < e for some w € R and all ¢ > 0

will be denoted by Q. (X).

1.1 “Lipschitz flows” on a Banach space

Standard examples of quasi-contractive flows on a real Banach space (X, ||-||) are “Lip-
schitz flows”. Let d(z,y) := ||z —y|| be the metric induced by the norm |-|| and let
F € Lip(X). As is well known, for every € X there exists a unique function u, : R — X
continuously (strongly) differentiable satisfying

(1.6) {ﬂ(t) = F(u(t)), teR,

where (t) denotes the (strong) derivative of u at t, i.e.
}lLiI% |3 (u(t + h) —u(t)) —u(t)]| = 0.

Defining ®(¢,z) = u,(t), t € R, one verifies that ® is a flow on X. Clearly the orbits
t — ®(t,x) are continuous. Moreover the corresponding operators {S(¢)}scr satisfy

(1.7) [S()]Lip < Pl ¢ e R.

In particular, the flow ® is quasi-contractive hence continuous.
The example X = R? equipped with the euclidean norm | - |, and

F=r(2) o O] 2], acr

shows that equality in (1.7) may hold for every ¢ € R. On the other hand, if
T . 0-—1 T
P() -] B

[SH)]up =1 < eltF]Lip

for all t € R\ {0}, since [F]np, = 1.

In order to improve estimate (1.7) one needs to distinguish the cases ¢ > 0 and t < 0
(even if X = R!). We first consider the case when X = H is a Hilbert space with
innerproduct (-,-) and norm | - |.

we have

Lemma 1.1. Let G: H — H be such that there exists wy € R for which
(1.8) (Gx) = Gy), v —y) Swilo —yf, wy€H,

holds. Let T > 0.



Suppose that u; : [0,T] — H, i = 1,2, are continuous on [0,T] and differentiable
n (0,T). If
dui

dt

(t) = G(U’Z(t))v te (OaT)v 1= 17 2a
then we have
(1.9) luy (t) — ua ()] < e+ Nuy(s) —ua(s), 0<s<t<T.

Proof. Set v(t) := e 2*+"uy(t) — uy(t)|? for t € (0,T). Then v is differentiable on (0,7
and
dv . .

= (1) = 2wy e un (6) — up(8)* + 2674 - (ua(t) = wa(t), i () — (1))
< e P uy (1) = ua(t)]? - (= 2wy +2wy) = 0.

Hence v is nonincreasing on (0,7") and by continuity on [0,7]. The same holds for ¢ —
\/u(t) which implies (1.9). O
Remarks. 1. If G in Lemma 1.1 is Lipschitz continuous, then (1.8) holds with w; < [G]Lip-

This implies (1.7) for t > 0. If F(z) = —wx with w > 0 then w; = —w and [F;, = +w.
2. If w, = 0 the function G satisfies

(1.10) Mz —y| < |Ma—y) — (G(z) = G(y))| forall X>0 and =z,y€ H.
Indeed,

Mz —y) — (G(z) - G(y))[
=Nz —y|* =2\ (z — y,G(x) — G(y)) + |G(z) — Gy)[> > Nz — y [~

A map G : E — F satisfying (1.10) where (E, | -|) is a Banach space is called dissipative.
Conversely, if G : H — H is dissipative then G satisfies (1.8) with w, = 0. Indeed, as
above from (1.10) we get

=2\ (z —y,G(z) = G(y)) + |G(2) = G(y)|* 2 0

for every A > 0, hence dividing by A and letting A\ — oo we obtain (1.8) with w, = 0.

3. An operator A : H — H such that —A satisfies (1.8) with wy; = 0 is called
monotone. Hence an operator A in H is monotone iff —A is dissipative. An operator
B : E — E, where (E,|-|) is a Banach space, is called accretive iff —B is dissipative. (In
a Hilbert space accretive is equivalent to monotone.)

4. Condition (1.8) can be rephrased as G — w; Iy being dissipative.

Problem 1.1. Prove Lemma 1.1 when H is a real Banach space (F,|-|) and condition
(1.8) is replaced by: G — w, g is dissipative for some w,; € R. Use this lemma to
prove (1.7).

Problem 1.2. Let (X, |-|) be a finite-dimensional real Banach space and let F': X — X
be continuous and such that F — aly is dissipative for some o € R. Prove that for each
x € X the problem

u(t) = F(u(t)), t>0

u(0) ==

)
possesses a unique solution u : [0,00) — X which is continuously differentiable. Show
that the corresponding semi-group {S()}+>o satisfies [S(¢)]Lip < €™, t > 0.



1.2 “Gradient flows” on a Hilbert space

Let (H, (-,-)) be a real Hilbert space with corresponding norm |- | and let ¢ : H — R.
Recall that ¢ is called Fréchet differentiable at x € H if there exists * € L(H;R) = H*
(bounded linear functionals on H) such that
o) = 2 i 202D _
o(x +h) —p(x) =2"(h) + o(|h|), where |ilzl\r—r>10 o 0.

If such an z* exists it is unique and is called the gradient of ¢ at x (grad p(z)). In
view of the Riesz representation theorem there exists a unique element y € H such that
(y,h) = z*(h) for every h € H. Moreover ||z*| 5. = |y|. The element y will also be
called the gradient of ¢ at x (Hilbert gradient) and will be denoted by Vp(z). If ¢ is
(Fréchet-)differentiable at every x € H and the map Vo : H — H is continuous, we
shall say that ¢ is continuously differentiable, in notation ¢ € C'(H;R). If moreover
V¢ € Lip(H) we shall use the notation ¢ € CY1(H;R).

Let ¢ € CYY(H;R) and let {S(t)}er be the group of operators associated with
F =V. Observe that for every x € H the map t — S(t)x is continuously differen-
tiable as well as the map t — ¢(S5(t)z). Moreover

4 915(02) = (Te(S(0)2), 1 (S0)) = V(S0P 20, teR

Hence the map t — ¢(S(t)z) is nondecreasing. If we consider the group of operators
{S(t)}er associated with —V then we have t — @{S(t)z};cr nonincreasing, since
S(t) = S(—t), t € R (¢ is a “Lyapunov function” for the flow). Both flows can be
called “gradient” flows in H.

In the sequel we shall systematically consider (semi-)flows associated with —V.
Hence we shall consider problem (1.6) with F' = —V¢.

Our goal is to reformulate problem (1.6) in terms of the function ¢ and the metric d
only. The following lemma is useful in this respect.

Lemma 1.2. Let ¢ : H — R be conver and Fréchet differentiable at x € H. Let y € H.
Then the following assertions are equivalent:

i)y =Vi(x),
ii) (y,h) +9¢(x) <¢P(x+h) forevery he H.

Remark. For a function ¢ : D(¢)) C H — R and = € D(¢)) we say that y € H is a
subgradient of ¢ at x if

(1.11) (y,z —x) +(x) <Y(z) forevery 2z e D(v).

The collection of all subgradients of ¢ at x is called the subdifferential of i) at x and is
denoted by 0¢(z). In other words, (z,y) € 0¢ iff (1.11) holds. 0y can be viewed as a
multivalued operator in H. It may be “empty”.

Proof. 1) = ii) Let 21,29 € H. The convexity of ¢ implies the convexity of the map
t — (xy + txe). It follows that the difference quotient

¢(JI1 + tl’g) — ¢(JI1)
t

O0<tr—




is nondecreasing. Choosing x1 = x and x5 = h we obtain

(. h) = (), h) = lim LEFI) V(@) _ vz +th) = v(z)

10 t t>0 t

<z +h) = ().

ii) = 1) Replacing h by th in ii) with ¢ > 0 we obtain

x+th) —Y(x
oty < Y0 = v0)
Taking the limit as t — 0 we get (y,h) < (Vi(z),h). Replacing h by —h we obtain
equality. Choosing h =y — Vi (x) we arrive at i). O

Remark. The implication ii) = 1) does not require the convexity of the function ¢.

As a corollary we see that if w € C'((a,b); H) for some a,b € R with a < b and
Y H — R is everywhere Fréchet differentiable and convex, then

(1.12) u(t) = =Vi(u(t)), te(a,b),
iff
(1.13) % %(d(u(t), 2))? +ap(u(t)) <¢(z) forevery z¢€ H, t < (a,b).

Indeed, by Lemma 1.2 (1.12) is equivalent to
(—a(t),z —u(t)) + ¥(u(t)) <Y(z) forevery ze€ H, te(a,b),

which is equivalent to (1.13), since t — |u(t) — 2|? is differentiable and
—lu(t) — 2" =2 (u(t), u(t) - 2) .

Notice that (1.13) is formulated in terms of ¢ and the metric d only.
Next we consider a slightly more general situation. Set e(z) = 3|z|?, x € H. We have

(1.14) Ve(z) =z, e(z—y)=1i(d(z,y)? =z,y€H.

Proposition 1.1. Let ¢ : H — R be everywhere Fréchet differentiable and such that
¢—ae is convez for some a € R. Let J be a nonempty interval of R and letuw € CY(J; H).
Then the following assertions are equivalent:

(115)  a(t) = —Vé(u(t)), teJ,

(116) 3 S (a(u(t), ) + 2d(u(r),2))* + o{u(t)) < 0(2)
for every z€ H andt € J.

RS

Remark. (1.16) is called an evolution variational inequality.

Proof. Set ¢ = ¢ — ae. (1.15) is equivalent to Vi(u(t)) = —u(t) — au(t) which is
equivalent to

(—i(t), = — u(t)) — {au(t), 2 — u(t)) + V(u(t) < ¥(z) for every 2 € H,
by Lemma 1.2. Using the definition of ¥ we get

1d 5 9 o
5 (1), 2 + Su( = o fu(e),2) + 512 + 6(u(t)) < 9(z), =€ H

Since |u(t)|* — 2 (u(t), 2) + |2]* = (d(u(t), z))* we are done. O
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Remark. As in Lemma 1.2, the implication (1.16) == (1.15) does not require the
convexity of ¢ — «ae.

Next we show that if ¢ € CY'(H;R) then there exists @ € R such that ¢ — ae is
convex. We recall

Lemma 1.3. Let v : H — R everywhere Fréchet differentiable. Then i is convex iff V)
18 monotone, 1.e.

(Vp(z1) — Vip(x2), 21 —x9) >0 forall xy,29 € H.

Proof. (Only if) Let ¢ be convex and let z1,29 € H. Set y; = Vi(z;), i = 1,2. From
Lemma 1.2 we obtain (y;, h) + ¥(z;) < ¥(x; + h), i = 1,2, h € H. For i = 1 choose
h =9 — x1, and h = x; — x5 for i = 2. Adding both inequalities we get

(Y1 —y2, 22— 21) <0 or (Yo —y1, 22 — 1) 2 0.
(If) Let V4 be monotone and let z,y € H, t € R. Set
a(t) = (1 =)z +ty) — (L =) (z) — tb(y).
Then «(0) = a(1) = 0 and « is differentiable,
o'(t) = (V((1 =)z + ty),y — x) + (z) — P(y).
Let t; < to. Observe that [(1 —to)z + toy] — [(1 — t1)x + t1y] = (t2 — t1)(y — x). We have
a'(t2) — o' (t1) = (VY ((1 = t2)z + tay) — VY ((1 — t)z + t1y),

(1= ta)z +tay] — [(1 — t1)z + t1y]) - > 0.

t2_t1 -

Hence o is nondecreasing. If a had a positive maximum & € (0,1), then /() = 0 and
in view of the mean value theorem « would be nonincreasing for ¢ < ¢ and nondecreasing
for t > £. A contradiction. Hence a(t) < 0 for t € [0,1] and 9 is convex. O

If ¢ € CH(H;R), then (Vo(z1) — Vo(xa), 21 — T2) > —[V@|Lip|z1 — 2]?, 71,20 € H.
Hence V(¢ —ae) is monotone for o < —[V¢|;, and ¢ — e is convex in view of Lemma 1.3
at least for o < —[V¢|Lip.

We summarize the situation in the next proposition.

Proposition 1.2. Let ¢ : H — R be such that ¢ — ae is convex for some a € R. If
¢ € CY(H;R), then for every x € H there exists a unique function v € C'(R; H)
satisfying (1.16), equivalently (1.15), with J = R together with w(0) = x. Moreover, if
uy,uz € CY(R; H) satisfy (1.16) with J = R then

d(ui(t), uz(t)) < e d(ur(s), ua(s))

for every s < t, s,t € R.

Remark. Simple examples show that (even in case H = R) Proposition 1.2 does not hold
when the condition ¢ € C1(H;R) is replaced by ¢ € C'(H;R). However, if we restrict
the domain of definition of the function u to [0,00), i.e. we consider semi-flows instead
of flows, Proposition 1.2 holds. See Problem 1.2 when dim H < oo and Section 3 for the
infinite-dimensional case.



1.3 Absolutely continuous curves in a metric space

The condition v € CY(R; H) prevents us to formulate Proposition 1.2 in a general (com-
plete) metric space. The aim of this section is to introduce a weaker notion which will
appear to be appropriate for this goal. We recall first some definition.

Definition 1.1. Let (X,d) be a metric space and a,b € R with a < b. A function
w: [a,b] — X is called absolutely continuous on [a, b] if to each € > 0 there corresponds a
0 > 0 such that, for all positive integers n and all families (ay, b1), ..., (ay,,b,) of disjoint
open subintervals of [a, b] of total length at most §, we have

(1.17) > " d(u(ar), u(by)) <.

The collection of all such functions is denoted by AC([a, b]; X).
Observe that AC([a,b]; X) C C(a,b]; X).

We recall a fundamental result of real analysis.

Theorem 1.1.
i) Let u € AC([a,b]);R). Then u is differentiable a.e. in (a,b), u' € L'(a,b) and

(1.18) /t u'(r)dr =u(t) —u(s) forall a<s<t<b.

ii) Let f € L'(a,b). Then the function t — u(t) = fj f(r)dr is absolutely continuous
on [a,b] and u'(t) = f(t) a.e. in (a,b).

Remark ([ABHN, Corollary 1.2.7]). The following generalization of Theorem 1.1 holds.
Let X be a reflexive Banach space (in particular a Hilbert space).

i) If u € AC([a,b]; X) then u is strongly differentiable a.e. in (a,b), v’ € L*(a,b; X)
and (1.18) holds where the integral is a Bochner integral.

i) If f € L'(a,b); X), u(t) := f; f(s)ds, t € [a,b], then u € AC([a,b]; X) and v'(t) =
f(t) a.e.in (a,b).

The following characterization of absolute continuity will be very useful.

Theorem 1.2 (see Appendix Al). Let u : [a,b] — X, (X,d) a metric space. Then u €
AC([a, b]; X) iff there exists m € L'(a,b), m > 0, such that

(1.19) d(u(s),u(t)) < /tm(r) dr forall a<s<t<hb.

Moreover, if u € AC([a, b]; X),

o e d(u(t 4 h),u(t))

exists for almost all t € (a,b), |u| € L*(a,b),
t
d(u(s), u(t)) < / al(r)dr, a<s<t<b
and if m satisfies (1.19), then |4|(r) < m(r) a.e.
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The function ¢ +— |u|(t) € Ry is called the metric derivative of wu.

Remark. If u € AC([a, b]; X) then u € BV([a, b]; X) (bounded variation) and fab |a|(t) dt =
Var(u; [a, b]) the (total) variation of u on [a, b].

If u € AC([a,b]; X) then it is easy to verify that the function ¢ — v(t) := d(u(t), 2),
z € X, belongs to AC([a,b];R), as well as ¢ — (v(t))?. It follows that Proposition 1.1
holds if the condition v € C''(J; X) is replaced by u € AC([a,b]; X) and ¢t € J in (1.15),
(1.16) is replaced by: for almost all ¢ € (a, b).

In §2 the problem of “uniqueness” of solutions to an evolution variational inequality for
a general metric space will be studied. In §3 the problem of “existence” will be treated
in Hilbert spaces for ¢ : H — (—o00,+00]| convex lower semicontinuous and in §4 the
case of a complete metric space will be considered where the notion of convexity will be
generalized.

Problem 1.3 ([R]). Let (H,(-,-)) be a real Hilbert space. A subset A of H x H is called
cyclically monotone if for every finite cyclic sequence g, x1,...,z, = xo in D(A) (i.e.
x € H such that there exists y € H with (z,y) € A) and every sequence y, ..., y, with
(ri,y:) € A, 1 <i < n, we have

n

S (i — 2im1) > 0.

=1

i) Show that if ¢ : H — (—o0, +00] is not identically +oo, the subdifferential d¢ of ¢
is cyclically monotone.

ii) Show that if A C H x H is not empty and cyclically monotone, there exists ¢ :
H — (—o00,+00] not identically +o00, lower semicontinuous and convex such that

A C 0¢.

Hint: Take (zo,y0) € A and for any © € H set

¢(x) == sup{ (Yn, © — ) + Yn—1,Tn — Tno1) + .. + (Yo, 21 — Zo) :
(xl,yz) EA, 1=1,...,n, TLEN+}.

2 Uniqueness and a-priori estimates

The aim of this section is to define an Evolution variational inequality on a metric space
(X,d) and to establish an a priori estimate for its solutions. Uniqueness will follow from
this estimate.

The Evolution variational inequality (EVI) will be defined in terms of a given function
¢: X — (—00,400], a real number a and the metric d.

A function ¢ : X — (—o00,400] is called proper if its effective domain D(¢) := {z €
X : ¢(x) < oo} is not empty. A proper function ¢ is called lower semicontinuous (1.s.c.)
at © € X if for every sequence {z,} C X converging to x we have ¢(x) < lim ¢(z,). For

n—~o0

x € D(¢), ¢ is Ls.c. at x iff for every € > 0 there exists § > 0 such that ¢(y) > ¢(x) — ¢
for y € X such that d(z,y) < 6. A function ¢ is everywhere l.s.c. iff for every ¢ € R
{z € X : ¢(x) < c}is closed in X. We recall that a l.s.c. function on a compact metric
space is bounded from below and achieves its minimum.



For the definition of solution to an EVI on a metric space we need the notion of (locally)
absolutely continuous function. Let I be a nonempty interval of R. A function u : I — X
is called locally absolutely continuous, in notation u € AC,.(I; X), if u € AC([a,b]; X)
for every a,b € I with a < b and [a,b] C I. We recall that if u € AC([a, b]; X), then for

every z € X the function ¢ — (d(u(t), z))2 belongs to AC([a, b]; R).

Definition 2.1. Let ¢ : X — (—o00, +00| be proper and ls.c. and let « € R. A function
u € C([0,00); X) N AC).((0,00); X) satisfying

u(0) € D(¢), wu(t) € D(¢) forevery t >0,

for every z € D(¢)

(EVI) %(d(u(t), z))2 + = (d(u(t), z))2 + o(u(t)) < ¢(z) a.e. in (0,00),

N =
|2

is called a solution to the Evolution Variational Inequality (EVI). The value u(0) is called
the wnitial value of u.

Remark. Observe that if u is such a solution then for any h > 0 the function v(t) :=
u(t+ h), t >0, is also a solution to (EVI) with initial value u(h).

We have the following

A priori estimate 2.1. Suppose u and v are two solutions of EVI. Then the following
estimate holds:

(2.1) d(u(t),v(t)) < e =9 d(u(s),v(s)) forall 0<s<t<oo.

In particular, two solutions of EVI with the same initial values coincide, if they exist.

Proof. Suppose u and v are two solutions to EVI, let 0 < a < b < 0o and let z € D(¢).
The function [a,b] > t — ¢(u(t)) is Ls.c., hence Borel measurable and bounded from
below. From EVI it follows that this function is bounded from above by a Lebesgue
integrable function, hence fab |p(u(t))] dt < co. Integrating EVI on [a, b] we obtain

(2.2) %(d(u(b),z)) —i(d(u(a),z))2+§/ (d( dt+/ o(u

< (b—a)p(z), forevery z¢€ D(¢).

Similarly for v.
Set g(t) := L e d*(u(t),v(t)), t > 0. Clearly g € C[0,00). We want to prove ¢ — g(t)
nonincreasing on [0,00). It suffices to show

(2.3) —/ g(t)n'(t)dt <0 for every nonnegative n € C}(0, 00).
0

Let n be as in (2.3). Extend 1 by 0 on (—o0, 0] and let hy > 0 be such that n(t) = 0 for
—o00 < t < hg. We have for h € (0, hg)

~ [T a0 00—t = myie= [ 5 (ale+ ) - o0)nte) de
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Now

gt +h)—g(t 20T — 298] @2 (u(t + h), v(t + h))

+ [\3|+—n

2 (u(t + h),v(t + k) — d*(u(t), v(t + h))]

+ % M [dP (u(t),v(t + h)) — d*(u(t),v(t))] = I + I, + I5.

1
2¢

From (2.2) with b:=t+ h, a :=t and z := v(t + h) we obtain

2at{2h¢(v(t ) —a /tm & (u(r), v(t + h)) dr — 2 /tm S(u(r)) dr}.

Similarly with u replaced by v in (2.2), b:=1t + h, a :=t and z := u(t) we obtain

2at{2h¢(u(t)) _a /t T (o), ult)) dr — 2 /t " () dr}.

Using the nonnegativity of n we arrive at
(9(t+h)—g(t)d

/Ooon(t) t
/Ooow)%e?“t{[l(zah D (ult + b), vt + )]
+2[ ——/ b(u r———/tt+hd2(u(r),v(t+h))dr]

i [ B _/ o(v(r)dr — 5 —/ttM d2(v(r),u(t>)dr”dt.

Since ¢(v(-+h)) (resp. %ftHh (u(r)) dr, * & tt+h o(v(r)) dr) tends to powv(-) (resp. pou(-),
6o u()) in Li(0,00) as h — 0, we get

I, <

l\DI»—t

I3 <

wl»—‘

IN ==

~ [ atonerde =t [ g nte) = nte — )
< /000 n(t) % eQO‘t{2ad2 (u(t), v(t)) +2¢(v(t)) — 2¢(u(t)) — ad? (u(t)7 ’U(t))
+26(u(t)) — 26(v(t)) — ad?(u(t), v(t))} ~0. O

2.1 Integral formulation of EVI

The proof of the A priori estimate 2.1 motivates the following definition.

Definition 2.2. Let ¢ : X — (—o0, +0o0] be proper and l.s.c. and let & € R. A function
u € C([0,00); X) is called an “integral solution” to EVIif for every 0 < a < b the function
pou € L'(a,b) and satisfies (2.2).

Proposition 2.1.

i) A solution to EVI is an “integral solution” to EVI.

11



ii) If u and v are “integral solutions” to EVI, then they satisfy estimate (2.1). In
particular, they coincide if u(0) = v(0).

iii) If w is an “integral solution” to EVI and satisfies u € Lip([a,b]; X) for every
0 < a<b, then u is a solution to EVI.

Proof. Parts i) and ii) follow from the proof of A priori estimate 2.1.

iii) Let z € D(¢) and 0 < @’ < V. Let u € Lip([a/,V]; X) with pou € L'(a’, V)
satisfying (2.2) for every a’ < a < b <. We will show that there exists a set N C (a’, V)
of measure 0 such that u satisfies EVI on (a/,0') \ N and ¢ o u is bounded from above on
(a’, ')\ N by a finite number C'. Since ¢pou € L'(a', V') and u € Lip([a/, V']; X) there exists
such N for which every t, € (a/,0')\ N is a Lebesgue point of ¢powu in (a’,b") and is a point
of differentiability of the function ¢t — d(u(t), 2) in (a,0’). Choosing a =ty € (a/,V') \ N,
b=ty+h with 0 < h < b —tg, dividing (2.2) by h and letting h tend to 0 we obtain

%(% d(u(to), Z)) T % d*(u(to), 2) + d(ulto)) < b(2).

Setting Cy(d’, V') := n[1a>b<](u(t), z), we get
tela’ b
|

a
d(uto)) < ¢(2) + 5 CF + Crluluip ) =: C(d, V),

In view of the density of (a/,b') \ N in (a/,0'), the continuity of u and the lowersemicon-
tinuity of ¢ we also have ¢(u(t)) < C for every t € (a’, 1), hence u(t) € D(¢), t € (', V).
Now claim iii) easily follows. O

Remark. It can be shown that an “integral solution” to EVI is actually a solution to EVI
(see [AGS, Remark 4.0.5b) on page 78] and [CD1]).

3 “Existence” in case X is a Hilbert space

Let (X, (-,-)) be a real Hilbert space with corresponding norm | - | and metric d(-,-). Let
¢ : X — (—00,00] be a proper, lower semicontinuous, function such that ¢ — ae is convex
for some a € R.

In what follows a function ¢ such that ¢ — ae is convex will be called a-convez.

Consider the Evolution Variational Inequality (EVI) defined in Section 2 associated
with ¢ and . We already know that for any = € W there exists at most one solution
to (EVI) with initial value u(0) = x. The aim of this section is to prove the existence of
such solution.

The proof of the existence result will be done by approximating the function ¢ by a

family of functions ¢, € C*'(X;R), h € I,, where

(3.1) I (0, 00) if >0,
' (0, o)™ ifa <.

The functions ¢;, are usually called Moreau—Yosida approximations of ¢. These functions
converge to ¢ as h tends to zero and are 757 -convex.

Therefore in view of the results of Section 1 one can uniquely solve (EVI) where ¢ is
replaced by ¢, and o by =5—. The next step consists of establishing appropriate a priori
estimates independent of h € I, which allow to pass to the limit and find a solution
of (EVI) with ¢ and a.

In order to define the functions ¢, we need some preliminary results.
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3.1 Preliminaries

Lemma 3.1. Let ¢ : X — (—o00,+00] be proper, l.s.c. and convex. Then there exist
be X and c € R such that

(3.2) U(z) > (b,x) +¢, zeX.

Proof. Consider the epigraph of ¢ defined by epi(¢) := {(x,t) € X xR : ¢(z) < t}. Since
1 is proper, epi(1) # @. Moreover, epi(¢)) is convex in view of the convexity of 1. We
introduce the innerproduct ((-,-)) in X x R defined by (21, 1), (x2,t2)) := (z1, x2) + t1ts.
Clearly (X x R, ((-,-))) is a Hilbert space. The subset epi(¢) is closed in X x R as a
consequence of the lower semicontinuity of ¢. Let zo € D(v) and ty < ¥(xp). Then
(x0,to) ¢ epi(¢)). By the projection theorem on closed convex sets in Hilbert spaces, there
exists a unique element (7,?) € epi(¢) satisfying

(3.3) (r —Towo—T) + (t—D)(to—7) <0

for every (x,t) € epi(¢).

Choose © = xp and t > ¢(xg) in (3.3). Since 0 < (xg — T, x9 — T) we see that ty — ¢
cannot be zero. Moreover, choosing ¢ > ¢ shows that ¢ty — ¢ has to be negative. Finally,
choosing = € D(v) and t = ¢ (z) in (3.3) we obtain (3.2) with

1

b= = T — d c:=1t+-= T, T — Zo) .
t—to(x zg) and ¢ t_to(xx xo)

Clearly (3.2) holds for z € X \ D(v). O

Lemma 3.2. Let ¢ : X — (—o0,+00] be proper, l.s.c. and a-convez for some a € R.
Then for every h € 1, and every x € X the function

sily — 2>+ o(y), y € D),
400, otherwise.

(3-4) p(y) = {

has a unique global minimizer, which we denote by Jyx.
Proof. By a-convexity and Lemma 3.1 the function ¢ can be rewritten as

(3.5) py) = (a + %)%W + <b - %Iy> + <c+ %W) + ¥1(y)

where 1; : X — [0,00] is proper, l.s.c. and convex. Since o + % > 0 and 9(y) > 0,
it is clear that ¢ is bounded below. Set v := injf{gp(y) € R. Let {yn}n>1 C D(p) be a
ye -

minimizing sequence, i.e. lim ¢(y,) = v. We claim that {y,},>1 is a Cauchy sequence.
n—oo

Let ¥ denote the limit in X. Then by lower semicontinuity we have

v < (@) < lm @(y,) = 7.

n—oo

It remains to prove the claim. By using the convexity of ¢ in (3.5), given v,y € D(p)
we have

o -2e(50) > () [t - [£43F]  (o SET
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Since %37 € D(y) we obtain

1/2

(3.6) y-dl<(aty) 2 VEE -+ o) ).

Replacing y by v, and ¥ by ¥, in (3.6) and using lim ¢(y,) = v we are done.
The uniqueness of the global minimizer follows from (3.6). O

We introduce some

Definitions 3.1. Let ¢ : X — (—o0, +00] be proper, l.s.c. and a-convex for some a € R.
Set

(3.7) V= ¢ — ae.

For h € I, and z € X set

(38) Ahx = T

h(x — Jpx).

We collect some properties of J, and Ay,.

Lemma 3.3. For h € [, and z,x € X, we have

(3.9) Jpx € D(OY) and Apx — adpz € OY(Jpx),
(310) |Jhl’—(]h§3\| S 1—|—ah ‘JI—/ZL’\‘,
o _12+4+ah ~
. — < = _
(3.11) |Apr — 4| < s h| B
(3.12) (Apr — ApZ, 0 — ) 2 7 |;17 — 7]

Proof. (3.9). From (3.4) and (3.7) we get
1 1, /1 1,
o) = (5 + )3l = (G0) + 5 b+ o). we X,

Set g(y) = %(% + a)\yP — <%x,y> + ﬁ |z|?, y € X. Then ¢ = g+ 1. Since Jyz is a
global minimizer of ¢, we have for every y € D(¢)) and t € (0, 1)

g((1 = t)Jpx +ty) + (1 —t)Jpx + ty) > g(Juw) + Y (Jnz).

Using the convexity of ¢ we obtain
1
7 (9((1 = t) Jpz + ty) — g(Jpz)) < U(y) — Y (Jp2).
Letting ¢ tend to zero we arrive at

- <Vg(‘]hx)a Y= Jhx> < ?ﬂ(y) - ZZJ(Jh.T)

Noting that Vg(z) = (+ + a)z — +2, z € X, using (3.8) and the definition of the

subdifferential of ¢ we obtain (3.9).
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(3.10). Let 1,29 € X. From (3.9) we have

1
ﬁ(l‘z — Jhl’z) — OéJh.Z’Z' c Eﬁp(Jth), 1= 1, 2.

Using the monotonicity of ¢ (see Problem 1.3) we get

<[—<% + oz)Jhxl + %xl} — [—(% + oz)JhI2 + %@] s Jhry — JhI2> > 0.

Hence
(1 + Ozh)‘Jh.Tl - Jh$2|2 S <331 — T2, Jh.Tl - Jh$2> S |£L’1 — .%2‘ |Jh$1 — Jh$2|

which implies (3.10) since 1 4+ ah > 0.
(3.11) is a direct consequence of (3.10) and (3.8).
(3.12). We have

(14+ ah)hA, = (14 ah)l — (1 +ah)J, = (I —C)+ ahl,

where C' := (1 + ah)Jy.
By (3.10) |Cxy — Czy| < |y — 22| hence (I — C)xy — (I — C)zo, 21 — x2) > 0. Hence

1 ah
7]1(1 +ah> <(I — C)l’l — (I— C)IQ,Z‘l —ZL’2> +71 —i—ah

which implies (3.12). O

<Ah$1 - Ah$27 X1 — $2> = \$1 - $2\2

3.2 Moreau—Yosida approximation

In this section we define ¢y, the Moreau—Yosida approximation of ¢. In Proposition 3.1
we give some properties of ¢, for a fixed h and in Proposition 3.2 the behavior of ¢, as
h — 0.

Definition 3.2. Let ¢ be as in Definition 3.1 and ¢ as in (3.4). Let h € I,. Then
(3.13) on(x) = p(Jhx), z€X.
Proposition 3.1. Let ¢, ¢ be as above. Then

(3.14) 6u(x) = 2 Ayal? + 9(1a), 7€ X,

on € CH(X;R), Vo, = Ay, and ¢, — —2+ e is conver.

1+ah

Proof. (3.14) is a direct consequence of the definition of Jyz, Apz and (3.4).
Next we show that V¢(x) = Apx for every x € X. Let z,y € X. From (3.9) and the
monotonicity of 0y we get

V(Jpy) — (Jpx) > (Apr — adyz, Jpy — Jpx) .
Using (3.7) and (3.14) we obtain

«Q o h h
on(y) — on(x) = Y(Jhy) — Y(Jpx) + §\Jhy\2 — §|Jh$\2 + §\Ahy\2 - §‘Ahx‘2

Q@ Q@ h h
Z <Ah$ — O./Jh.T, Jhy — Jh$> + §|Jhy\2 — E‘Jth + §\Ahy|2 — §|Ahx\2
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By (3.8)
(Apr — adpz, Jpx — Jpy) = (Ape — adyz,x — y) — (Apx — adpz, hART — hARy) .

By rearranging terms we have

h Q@
(3.15) on(y) — on(z) — (Apx,y —x) > §\Ahx — Apyl* + E‘Jhx — Jwyl*.

Exchanging = and y in (3.15) and adding and subtracting A,y we get

h a
on(z) — n(y) — (Apz,x —y) > §|Ah$ — Apyl* + §|Jhx — Tyl + Ay — Apz,x — ).
Using (3.10) and (3.11) we arrive at

(3.16) |on(y) — on(z) — (Apz,y — z)| < My — =|?

for some M > 0 independent of x and y € X. Hence Apx = V¢ (z) and since A; €
Lip(X) we have ¢, € CH(X;R).
From (3.12) Ay — 1% I is monotone hence ¢, —

o

Tran € 18 convex. ]

In what follows we shall consider the behavior of J,, A, and ¢; as h tends to zero. In
order to treat the cases @ > 0 and a < 0 at the same time, we introduce

1 ifa>0,
(3.17) ho={ . 7
el if a <0,
then
(3.18) 1+ ha€[3,1+a] for 0<h<h,

We shall use the following notation. Let x € D(9v), with ¢ as in (3.7). Observe that
the set {y € X : y € 0¢Y(x)} is a nonempty closed convex subset of X. Hence it has a
unique element of minimal norm, which we denote by (9v)°z, i.e.

(3.19) ()

< |yl forany ye€ ()

Next we establish some properties of Jyz, Apx and ¢, () as functions of h € (0, hy).

Lemma 3.4.

(3.20) sup |Apz| <oo ifz € D(O).
he(0,ha)
(3.21) sup |Jpz| < oo for every x € X.
he(0,ha)
(3.22) inf ¢(Jpx) > —0c0  for every x € X.
he(0,ha)

Proof. (3.20). Let (x,y) € 0¢. From (3.9) and the monotonicity of di we have

1
5 (y — Apx + adpx,x — Jpz) >0

hence by (3.8)

|Apz? < {y, Apx) + o (Jyr, Apr) = (y, Apr) + o (z, Apz) — ah|Apz|?.
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Then (1 + ha)|Apz|* < (Jy| + || |2])|Apz| which implies by (3.18), (3.19)
[ Apz] < 2((0¢) ] + |af [2]).
(3.21). Let x € X and T € D(0¢). Set C := sup |A,Z|. Using (3.8), (3.10), (3.18)

he(0,ha)
and (3.20) we get

‘Jh$| S ‘Jh.T — Jh/.f‘ + \th\ S 2|£L’ — I/E\| + ’/.T\| + h|Ah/$\| S 2|£L’ — /.CE\| + ’/.T\| + ha -C.
(3.22). Let z € X and set M := sup |Jpz|. Then by using (3.14), (3.2), (3.7)

he(0,ha)
B(Jp) :w(Jhx)+%\Jhx\2 > —|b|M +c— %“M? O
Lemma 3.5.
(3.23) flLlLI(l) |z — Juz| =0 iff x € D(OY),
(3.24) sup du(r) = +oo  if x ¢ D(OV).

he(0,ha)
Proof. (3.23). For any € D(09v) we have by (3.10), (3.18), (3.8)
|z — Jpx| < |z —2| + |7 — JpZ| + | — Jpx| < 3|z — 2| + h|ApZ,
which implies the if part of (3.23) in view of (3.20). Conversely, if }Lirr(l) |z — Jpz| = 0 then

xz € D(0Y) since Jyx € D(0¢) by (3.9).

(3.24). Using (3.14) and (3.22) it is sufficient to show sup h|Azz|?> = 400 if x ¢
he(0,ha)

D(0%). Note that
hApz|® = |z — Jpz| - |Apz| > dist(z, D(OV))|Apz]

since Jpx € D(0y). Since d(xz, D(0y)) > 0 by assumption, it remains to show that
sup |Apz| = +oo for x ¢ D(OY). If M := sup |Apz| < oo, then |z — Jpz| < hM

he(0,ha) he(0,ha)

by (3.8) and ]llir% |x — Jpx| = 0 contradicting (3.23). O

We conclude this section by establishing the convergence of ¢; as h — 0.
Proposition 3.2. Let ¢, ¥, ¢p, be as above. Then
(3.25) on(x) T o(x) for every x € X ash | 0.
(3.26) D(9y) C D(¢) € D(9y) = D(¢).
Proof. By (3.4) and (3.13) we have ¢y, (x) < ¢p,(z) for 0 < hy < hyy, v € X.
),

< h2
Moreover, since for every z,y € X we have ¢p(z) = ¢(Jpz) < @(y), choosing y = = we

obtain ¢p(x) < p(z) = ¢(x). Consequently, by (3.24) if x ¢ D(0¢), sup ¢n(z) = +00,
he(0,ha)

hence = ¢ D(¢). This implies (3.25) for z ¢ D(9¢) and the inclusion D(¢) € D(9)
in (3.26). If x € D(0y) and h,, € (0,h,), h, | 0 as n tends to infinity, we have by (3.23)
hm |z — Jp, x| = 0 and by the lower semicontinuity of ¢

o(x) < lim ¢(Jp,2z) < lm ¢y, () < 7}1_{20 bn, (1) < @()

n—~o0 n—oo

which implies (3.25).
Finally, D(0v¢) C D(¢) = D(¢), hence also D(9vy) C D(¢). Since D(¢) C D(0v),
(3.26) follows. ]
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3.3 A quasi-contractive semigroup associated with ¢

Let ¢ : X — (—00,+00] be proper, l.s.c. and such that ¢ — ae is convex for some o € R.
Let h € (0, hs] and ¢, the Moreau—Yosida approximation of ¢. We consider the problem

du

(3.27) E(t) + Apu(t) =0, teR,
together with the condition
(3.28) u(0) =2 with z e X.

In view of Propositions 1.2 and 3.1 this problem possesses exactly one solution which we
denote by uy, (or simply u;) and we set

(3.29) Sp(t)r :=up.(t), teR, ze€X.
Moreover, the family {S,(t) }er is a Cy-group of operators on X satisfying
(3.30) |Sh(t)x — Sp(t)y| < €_ﬁ(t_s)‘5h(3)93 — Sh(s)y|

for s <t and z,y € X since Vo, = Ay and ¢, — 5%, € is convex.

The aim of this section is to establish the following

Theorem 3.1. For every x € D(¢) and t > 0:

(3.31) S(t)x := }ILE% Sp(t)x emists in (X,|-|),
(3.32) S(t)x € D(e).

The family of operators {S(t)}i>0 : D(¢) — D(¢@) is a Cy-semigroup satisfying
(3.33) [S)|Lip < e ™, t>0.

The idea of the proof is to prove (3.31)-(3.32) for x € D(0v) and then to use a simple
approximation argument together with the estimate (3.30).

Proof. Let h € (0, hy| and z € D(0y).

Step 1. By Lemma 3.4, M; := sup |Ax(z)| < co. Let T'> 0. We claim that
he(0,ha)

(3.34) | Apup ()] < Mye2™T = My(a, T) for h e (0,ho) and t € [0,T].
Indeed, from (3.30) with s = 0, y = Si(h)x with h > 0 we obtain by dividing by h:

‘%(uh(t) — up(t + h))‘ < 620‘|T‘%(uh(0) — up(h)) )

hence
(D) < )i (0)] = €I Ay ()] < AT My,

Since p(t) = —Apup(t) we are done.
Let 0 <h <A< hyandtel0T].
Step 2. We have

(3.35) (Apup(t) — Axun(t), up(t) — ur(t)) > —2|af |un(t) — ux(t)[* — AMs,
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where
(3.36) M = (8|alha +4)M;(a, T).
From the monotonicity of 9y and from (3.9) we get
<(Ahuh(t) — aJhuh(t)) — (AAuA(t) — aJ,\u,\(t)), Jpup(t) — J/\U/\(t» > 0.
This implies
(Apup(t) — Ayux(t), Jyup(t) — Jhux(t)) > oz‘Jhuh(t) — Jyua(t)
From (3.8) and (3.34) we obtain
| Jnun(t) — Jyua(t)* < 2un(t) — ua(t)]? + 8MFhoA,
and
(Apup(t) — Axur(t), Jaun(t) — Jyua(t)) > (Apun(t) — Axun(t), up(t) — ur(t)) — 4MEN.

Then (3.35) follows.
Step 3. From ap,(t) + Apupn(t) = 0, 4 (t) + Ayux(t) = 0 and (3.35) we obtain

2 hunt) (D) = (in(t) — ia(6), (1) — wn(1)) < 2l (1) — wr(0)? + AM,

Using the fact that |u;(0) — ux(0)|*> = 0 we arrive at
(3.37) lun(t) — un(t)|* < AMs - My for some My = My(a, T).

Step 4 (convergence for x € D(0v)).

It follows from (3.37) that if h,, — 0 as n — oo, {us, (t)}n>1 is a Cauchy sequence in
(X,|-]). Set

(3.38) S(t)x := lim up, (t).

n—oo

Clearly S(t)z := }llin% up(t) = ]llir% Sp(t)z. Since T > 0 is arbitrary, S(t)z is well defined

for every ¢t > 0. From (3.37) the convergence is uniform on [0,7] hence t — S(t)z €
C([0,7]; X), T > 0. From (3.8), (3.34) we get

‘S(t)x — Jp, up, (t)} < }S(t)x — Uy, (t)‘ + h, M.

Observe that Jy,, up, (t) € D(0Y) by (3.9), hence S(t) € D(0v) = D(¢) by (3.26).

Step 5 (convergence for x € D(¢)).
Let x € D(¢), e >0 and T > 0. Then for * € D(0¢) we have

1S ()2 — Sa(D)z] < |Sh(t)z — Sh(B)E] + |Sh(H)T — SA(B)E] + |SA(B)T — S ()z]
< 2627 — Z| 4 |y (1)Z — SA(1)Z], t € [0,T).

Since D(0y) = D(¢), we can choose T € D(¢) such that the first term in the last
inequality is less than /2 and we can find h € (0, h,] such that |S,(t)T — S\(¢)Z| < /2
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for t € [0,7] and 0 < h < XA < h. As in Step 4 we conclude that }Lirr(l) Sp(t)x exists in X

and we denote it by S(t)x, t > 0. By uniformity on [0,77], ¢t — S(¢)x is continuous on
[0, 7. Property (3.33) follows from (3.30) with s = 0 and (3.31).
Next we prove (3.32). Let z, € D(0v), n > 1, be such that lim |z, — x| = 0. Then

|S(t)r — S(t)x,| < e ™z —z,| >0 as n — occ.

Since S(t)z, € D(¢), n > 1, the same holds for S(¢)x.
Step 6 (semigroup property).
Let z € D(¢), t,s > 0, h € (0, hy). We have

|S(t+ s)x — S(t)S(s)x| < |S(t+ s)x — Sp(t + s)x| + |Sh(t + s)x — Sk(t)Sh(s)z|
+ | Sk(t)Sh(s)x — Sk(s)S(s)z| + |Sp(t)S(s)x — S(t)S(s)x|
< |S(t + )z — Su(t + s)x| + oSy (s)x — S(s)z]
+ |Sh(t)Sh(s)x — S(t)S(s)z| =0 as h— 0.

Hence {S(t)}+>0 is a semigroup of operators on D(¢). O

3.4 “Existence” theorem

Let ¢ : X — (—o0,+00] be as in Section 3.3 and let {S(t)}+>0 be the Cy-semigroup
defined in Theorem 3.1. We have

Theorem 3.2. For every ug € D(¢) the function u : [0,00) — X defined by u(t) :=
S(t)ug, t > 0, is a solution to (EVI) with initial value uy.

Proof. We already know that v € C([0,00); X) by Theorem 3.1. We have to show that
for every a,b € R with 0 < a < b the following hold:

i) uw e AC([a,b; X),
ii) u(t) € D(¢), t € [a,b],

iii) wu satisfies for every z € D(¢):

(3.39) % lu(t) — 2| + a lu(t) — 2> + d(u(t)) < ¢(2) a.e. in (a,b).

2

In order to establish i)-iii) we first prove the following estimate. There exists C' =
C(¢, v, ug, a,b) > 0 such that

(3.40) Anun(D)] < C, he (0, ha), L€ [a,b],
where
(341) uh(t) = Sh(t)uo, te R, h e (O, ha).

We recall that u;, € C'(R;z) and satisfies (3.27), (3.28). From (3.30) with z = S;,(h)uy,
Yy = ug, h > 0, we obtain as in Step 1 of the proof of Theorem 1.1:

(3.42) t +— etian'|iy,(t)| is nonincreasing, t > 0.
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Taking the innerproduct of (3.27) (where u = uy) with teirant |un(t)] and integrating
on [0, a] we obtain

/ e i (1)[2 dt + / teTER (Apun(t), in (1)) dt = 0.
0 0

Since Apup(t) = Von(up(t)) by Proposition 3.1 we have

d

{Anun(t), un(t))) = - Sn(un(t)).

Using (3.42) we obtain

a,2 2a

a « a o d
= ertaniy (a))? < / tersan’ iy, () dt = — / tereen'— gy (un(t)) dt
9 0 0 dt

e, (un(a)) + /0 %(te%t)@(uh(t))dt.

By (3.14), (3.7),

ou(un(0) 2 Uun(t) 2 6Chun() — D (), £ 0

By Lemma 3.1 there exist a1,b; € R depending only on ¢ such that
W(Jpup(t)) > ar|Jpup(t)| + by.
From Step 2 of the proof of Theorem 3.1 we obtain for 0 < h < A < h,:
| Jpun(t) — Jua(6)]? < 2AMs My + 8MZho),

where My = My(a,T), T = b. This implies that there exists a constant C; =
Ci(¢, o, ug, a,b) > 0 such that

(3.43) |Jhup(t)| < Cy, t€la,b].
Hence there exists Cy = Co(¢, o, ug, a,b) > 0 such that
(344) (bh(uh(t)) > —CQ, t e [CL, b], h € (0, ha).

It follows that

CL2 2a

5 e i (@)|” + ac TR (¢n(un(a)) + Ca) < acTeRCh + Cy

/Oa (bh(uh(t)) dt + Cg s

where C3 = Cs(a,a) > 0.
Using (3.44) again we obtain

(3.45) iR i (a)[2 < C / on(un()) dt + Cs,
0

where Cy, Cs > 0 depend only on ¢, , ug, a, b.
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It remains to estimate foa on(up(t)) dt. By Proposition 1.2 we have

(3.46) 14 un(t) — 21" + 5 |Uh( ) = 2" + du(un(t)) < on(2),

2 dt
he(0,h,), teR, z € X.

Integrating on [0, a] we obtain

(3.47) %mh( )= 22 + / lun(t) — 2 dt+/ b (un (1)) dt < adn(2) + %|u0—z\2.

Choosing z € D(¢) we obtain ¢,(z) < ¢(z) and noting that sup m[gux] lup(t)| < oo we
he(0,hy) €0

find Cs = Cs(0, a, ug, a, b) > 0 such that

(3.48) / S onlun() dt < Co, B € (0, h).

Finally (3.42), (3.45) and (3.48) imply (3.40).

Next we prove i). Since |u(t)] < C,t € [a,b], h € (0, hy) we get |u(t)—u(s)| < Clt—s|,
a < s,t <b, hence u € Lip([a, b]; X) C AC([a, b]; X).

ii). From (3.15) we have for z € D(¢), t € [a, b]:

On(un(t)) < &(2) + [Apun(O)|(lun(O)] + 12]) + ol (| Twun () + [Taz]?).

Using (3.40), Theorem 3.1, (3.43) and (3.21), we find C = C(¢, a,uo, a,b) > 0 such
that
(3.49) on(up(t)) < C, telab], he (0 hy)

Take h,, € (0,h,) — 0asn — oco. Since ¢(Jp, up, () < op, (up, (t)) < C and Jp, up, (1) —
u(t) as n — oo, t € [a, b], we obtain by the lower semicontinuity of ¢ that
(3.50) ou(t)) < C, telab]

Finally we prove iii). Observe that ¢ — ¢(u(t)) is l.s.c. on [a, b], hence bounded below,
which together with (3.50) implies that ¢(u) € L*(a,b). Moreover, we obtain as h, — 0,
a<s<t<b:

é(u(t)) < lim ¢(Jy,u, (1) < lim ¢y, (un, (1)) < C.

n—~o0 n—~o0

where the second inequality follows from (3.14). Using (3.44) we obtain

(3.51) / S(u(r)) dr < / i 6p (un. (1) dr < L | on (un. () dr-

Integrating (3.46) on [s,t] C [a,b], taking z € D(¢), using Theorem 3.1 and (3.51) we
obtain as h,, — 0:

%\u()—z|2——\u )= o2+ /|u —z|2dr+/¢ Vdr < (t— $)6(2).

Dividing by (¢ — s), using the absolute continuity of ¢ + |u(t) — 2|2, t = [ ¢(u(r)) dr we
finally get
1d ,  « 9 ,
(3.52) 5T lu(t) — z|° + 5 lu(t) — 2| + o(u(t)) < ¢(2) a.e.in (a,b).
This completes the proof of Theorem 3.2. O
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Remark. Observe that the set of measure 0 for which (3.52) does not hold depends only
on u and ¢(u). So it can be taken independent of z. It follows that (3.52) is equivalent
to u(t) € D(0Y) a.e. in (a,b) and —u(t) — au(t) € OY(u(t)) a.e. in (a,b).

4 The main existence and approximation theorem

Let (X,d) be a complete metric space, let ¢ : X — (—o0,+00]| be proper and lower
semicontinuous and let @ € R. Consider the Evolution Variational Inequality (EVI)
introduced in Definition 2.1. The goal of this section is to establish the existence of a
solution to (EVI) with arbitrary initial value uy € D(¢) under additional assumptions
on ¢ which strictly extend the a-convexity condition of the Hilbert space case. It is quite
remarkable that this can be done! Before stating these assumptions we reformulate the
condition of a-convexity in a way which is more appropriate for the metric space case.
We recall that a function ¢ : H — (—o0, +00] is called a-convex if the function ¢ — ae is
convex where e(r) := % (z,z), z € H. Clearly the function e is a-convex, for all a < 1.

2
Observing that

(4.1) e((1—t)yo +tyr) = (1 —t)e(yo) + te(yr) — t(1 — t)e(yo — 1)

for every yo,y1 € H and t € R we easily deduce that ¢ : H — (—o00, +00] is a-convex iff
it satisfies

(4.2) P((L=t)yo +tyr) < (1 —)p(yo) + to(y1) — at(l — t)e(yo — y1)

for every yo, 1 € D(¢) and every t € [0, 1].

Since e(yo — y1) = 5d*(yo, y1), where d*(yo,y1) = (Yo — Y1, Yo — Y1), We see that condi-
tion (4.2) can be expressed in term of the distance function d in the Hilbert space (H, (, }).
In Lemma 3.2 we introduced the function ¢ in (3.4) which can be rewritten as

3) o) = {W(@%y) o), v e D)

+00, otherwise,

for h > 0 and for z € X.

It follows from (4.1) that ¢ is a-convex iff ¢ is (+ + @)-convex.

In Section 3 the (% + a)-convexity of ¢ for every h € I, (defined in (3.1)), equivalently
for % +a > 0, plays an essential role. The notion of the (% + «)-convexity of ¢ relates the
values of ¢ on a segment of the form [0,1] 3 t — (1 — t)yo + ty1, to the values of ¢(yo)
and ¢(y1). In a general metric space the segment between yo and y; will be replaced by
amap 7 : [0,1] — D(¢) satisfying v(0) = yo and y(1) = y;.

We are now in a position to formulate the first additional assumption on ¢:

(H;) There exists @ € R such that for every z,yo,y1 € D(¢) there exists a map 7 :
[0,1] — D(¢) satisfying v(0) = yo, ¥(1) = y; for which the following inequality

holds:
(14) o @(e,7(0) + 00(0) < (1~ 1) @ (w,30) + Do)
il )+ olm)] — (5 +a) 510 — Do, )
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for every t € [0, 1] and for every h € I,.
In the Hilbert space case it follows from Lemma 3.1 that if ¢ : H — (—o0, +0o0] is
l.s.c. and a-convex for some a € R then ¢ is bounded from below on every closed ball, i.e.

(4.5) for every x € X and r > 0 there exists m € R such that ¢(y) > m
for every y € X satistying d(z,y) < r.

In the metric space case condition (H;) together with lower semicontinuity does not imply
(4.5). However, the boundedness from below of ¢ on some closed ball together with (H;)
will do it, as we shall see below. Therefore we assume

(Hy) There exist x, € D(¢), r. > 0 and m, € R such that ¢(y) > m, for every y € X
satisfying d(x,,y) < r..

The next lemma plays the role of Lemma 3.1 in Section 3.

Lemma 4.1. Let ¢ : X — (—o0,+00] be proper and satisfy (Hy) and (Hy). Let « be as
in (Hy) and x, 1., m, be as in (Hy). Then for everyy € X

(4.6) {W) > m. if d(zay) <.,

o(y) > c—bd(z.,y) + % ad*(z.,y)  if d(z.,y) > 1.,

where ¢ := ¢(x,) and b := Ti(gb(x*) —m,) — 2ar, with g = max(a, 0).

Proof. The first part of (4.6) is simply (Hz). We prove the second part. Assume y € D(¢)
with d(z.,y) > r.. From (Hy) with @ := z,, yo 1= @\, y1 ==y and ¢t := ——— € (0,1) we

find y. := 7(t) € D(¢) independent of h € I, such that oy
1 1
(A7) 5 d(we )+ 0ly.) < (1= 0|50 (o2 + o)
1 1 1
+t|5r ey + 0| — (5 + )30 DP(y)

for every h € I,.
Multiplying by h (> 0) and letting h tend to zero in (4.7) we get

1 t? 1
§d2(x*,y*) < §d2(x*,y) = irf,

hence by (Hj)

(4.8) Hye) = M.

Using (4.8), the nonnegativity of the first term in (4.7) and d(z,, z.) = 0 we obtain

6) 2 (e) = 7(6(e2) = ma) = (3 + @) 5 Bleny) + 5 )

In case a@ > 0 we let h tend to +o00 and in case oo < 0 we let h tend to ﬁ

Using the definition of ¢ we obtain (4.6). O
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In what follows it will be convenient to explicit the dependence in x and h of the
function ¢. We set

1
(4.9) S(h,wiy) i= 5 d(@y) + 6(y), h>0, v yeX.
As a simple consequence of Lemma 4.1 we obtain

Corollary 4.1. Let ¢ : X — (—o0,+0o0] be as in Lemma 4.1, and a € R be as in (Hy).
Then for every h > 0 satisfying %+a > 0, for every® € X, M > 0 there exist 3 > 0 and
v € R such that

(4.10) @(h,25y) > Bd*(T,y) +
for every x € X such that d(z,T) < M and for every y € X.

Proof (sketch). Use
Pla,y) > (1— )T, y) - MA(1/e* — 1)
and
& (2., y) < (L+0)d(@,y) + (1 + 1/n°)d* (., T)
for 0 <e,n<1. O
Under the assumptions of Corollary 4.1 the function y — ®(h, x;y) is bounded from
below. We define ¢p,(z) as its infimum on X.

Definition 4.1. Let ¢ be as in Lemma 4.1, h + £ > 0 with 4 > 0 and « as in (H;).

(4.11) on(x) == inf ®(h, z;y).

yeX

Remark 4.1.

1) ¢y is a map from X into R.

2) The notation ¢y, is consistent with the notation of Section 3. Indeed, in Definition 3.2
on(x) == ®(h, z; Jpx) where Jpz is the unique minimizer of y — ®(h, z;y). In this
section the existence and uniqueness of such a minimizer will be obtained only for

x € D(¢).

Lemma 4.2. Let ¢ : X — (—o00,+00| be proper, l.s.c. and satisfy (Hy), (Hs2). Then for
every h € 1, the function ¢, : X — R is continuous and for every x € D(¢) the function
X 3y D(h,z;y) possesses a unique global minimizer element of D(¢p) which we denote
by Jpx.

Proof. 1. Continuity of ¢p.
Let z,,7 € X, n > 1, be such that lim d(z,,7) = 0. Let y € D(¢), then ¢,(x,) <

O(h,x,;y), n > 1, hence

lim ¢p(2,) < lim ®(h, 2,;y) = ®(h, T; y).

n—~o0 n—oo

Taking the infimum over y € D(¢) we get

(4.12) m ¢(a,) < ¢n(T) < 0.

n—~o0
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Let y, € D(¢), n > 1, be such that
1
(I)(h, Ln; yn) S Cbh(xn) + = ) n 2 L.
n

In view of Corollary 4.1 there exists C' > 0 such that d(7,y,) < C, n > 1.
We have ¢ (Z) < ®(h,T;yn,), n > 1, hence

ou(T) < lim @(h,T0,) = lim { o0 (E, ) — 3 e, T)AT ) + Hlui) }

n—oo n—oo

(since d(7,y,) is bounded)
1
= lim { 57 (A, y) — d(F.2.))" + 6(0) |

: 1 :

2) Global minimizer.
Let T € D(¢) and let {y, },>1 C D(¢) be a minimizing sequence, i.e. lim ®(h,T;y,) =

or(T). As in the proof of Lemma 3.2, in view of the lower semicontinuity of ®(h,T;-) and
the completeness of (X, d), it is sufficient to prove that (y,),>1 is a Cauchy sequence. If
denotes the limit, note that ®(h,T;7) < 0o hence ¥ € D(¢). In order to show that (yn) is
a Cauchy sequence we use assumption (Hy) with x := x,,, yo := Yn, Y1 := Ym, t = 5, where
(Zn)n>1 C D(¢) such that hm d(z,,T) = 0. Let C; > 0 be such that d(z,,T) < C},

n > 1. From (H;) we obtaln the existence of y,, ., € D(¢) satisfying

1 1 1,1
. < Z . - . e 2 ]
D(h, Tn; Ynm) < 5 P(h, xn; yn) + 5 Q(h, 2n; Ym) 3 <h + a>d (Yns Ym)

Since @ (h, 5 Ynm) > On(xn,), we get
1

(413) Py, ym) < 4(-

nT 0‘) h (@ (R, s yn) — On(wn)) + P(hy T0i Ym) — P(Tn)],

for m,n > 1.

Next we show that the right-hand side of (4.13) tends to zero as m,n — oo. By
Corollary 4.1 we see that any minimizing sequence is bounded, in particular there exists
Cy > 0 such that d(7,y,) < Cs, n > 1. It follows that

1
|(I>(h> L yn) - (I)(h7f; yn)| = ﬁ|d2(‘rn>yn) - d2(f7 yn)|

< % d(z,, )(d(xn, yn) + d(T, yn))

as n — 00. In view of the continuity of ¢, we get

|(I>(h> {7 yn) - ¢h(xn)‘ S |(I>(h7$na yn) - (I)(h7f; yn)| + |(I>(h7f7 yn) - Cbh(f)‘
+ |on(T) — dn(an)] — 0.

1

h(Cl +2C5)d(x,,T) — 0

Finally

1
|d2 (:rm, ym> d? (mm ym>|

CI)h m;m_q)ha ny Ym
[O(h s ) = BB, s )| = -

1
< ﬁd(a:m,xn) 2(C1+Cy) — 0 as m,n — oo.

26



Since |pp(T,) — én(xm)| — 0, it follows that the right-hand side of (4.13) tends to zero.
Finally we prove the uniqueness of the minimizer. Since every minimizing sequence is a
Cauchy sequence it is easy to see that the minimizer is unique (construct a new minimizing
sequence from two minimizing sequences (u,) and (v,,) converging respectively to @ and T.
Then the new minimizing sequence converges to W =u = 7). O

For the formulation of Theorem 4.1 we need to introduce the notion of local slope of
the functional ¢.

Definition 4.2. Let (Y, dy) be a metric space and ¢ : Y — (—o0, +00] be proper. Let
z € D(¢). Then

— (o(x) — )"
d(z,y)
|0¢|(x) :=0 otherwise.

(4.14) if x is not isolated in D(¢),

Set D(|0¢]) :={z € D(¢) : |0¢|(z) < oco}. |0¢|(x) is called the local slope of ¢ at x.

Remark 4.2. 1f X is a Hilbert space and ¢ : X — (—o00, 4+00] is proper, Ls.c. and convex,
then x € D(¢) belongs to D(|0¢|) iff © € D(0¢). In this case |0¢|(z) = [(0¢)°z| (see
[AGS], prop. 1.4.4).

The next proposition is the analogue of Proposition 3.2.

Proposition 4.1 ([AGS], Lemma 3.1.3, p. 61, and Lemma 3.1.2, p. 60). Let ¢ : X —
(—o00, +00| be proper, l.s.c. and satisfy (Hy) and (Hy). Then

i) if h>0, 14+ ha>0 (a from (Hy)), v € D(¢), then Jyx € D(|0¢|) and

(4.15) 06| (Jnz) < %d(x, Jnt).

ii) if h>0,14+ha>0, € D(®) then

(4.16) (Jn) < dn(x) < (),
if hy > ho >0, 1+ h;a>0,1=0,1, then

(417) ¢h1(x) < ¢ho(x)> T X7

(4.18) d(Jpyz,z) < d(Jy,x,x), € D(),

(419) ¢(Jh1x> < ¢(Jhox>7 YRS W?

iit) if x € D(¢), then

(4.20) d(x,Jpx) | 0 ash |0,

(4.21) O(Jpz) T o(x) ash O,

(4.22) on(x) To(x) ash]O.

iv)

(4.23) D(|0¢]) = D(¢).
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Proof. 1) By definition (see Lemma 4.2) J,x satisfies
(4.24)  ¢(Jhz) — 9(y) < & d*(z,y) — & & (z, Jhx) < 5= d(y, Jpz)(d(z,y) + d(z, Jpz))

for every y € D(¢). If Jyx is isolated in D(¢), then |0¢|(Jpx) = 0 and (4.15) holds.
Otherwise there exists a sequence (y,) C D(¢) such that y, # Jyz, n > 1, and
lim d(yn, Jrxz) = 0. From (4.24) we obtain

i (OUhe) = 6() " _

1
—d
n—oo d(JhI, yn) h (x’ Jhx)

hence
90l(ne) = T QWD) —6())”

<
v Ine d(Jyz,y) -

d(z, Jyz).

SRS

ii) For any x € D(¢) we have

O(Jpz) < d(Jpx) + % d*(z, Jyx) = ¢p(x) < ®(h, x52) = ¢().

Let 0 < hg < hy with 14+ah; > 0,7 =0,1. (4.17) is a trivial consequence of the definition
of ¢y. Concerning (4.18) we have

L dz(x7 Jh0x> + ¢(Jhox) < L dz(x7 Jh1x> + ¢(Jh1x)

2hg ~ 2ho
1 1
< (ﬁ — ﬁ>d2(l’, Jhll’) + (I)(hlax; Jhl'r>
0 1
1 1 1
< (55 = g (e ) + g (e, ) + Dl ).
Hence

and (4.18) follows.
Finally from ®(hy, z; Jp,x) < ®(hy, x; Jpyx) we obtain

1
¢(Jh1x) < ﬁ <d2(]}, Jhox> - dz(xa Jh1x>) + ¢(Jhox) < ¢(Jhox>
1
in view of (4.18).
iii) We have
d*(z, Jyw) < —2hé(Jyx) + d*(z,y) + 2ho(y)
for every y € D(¢). Since —¢(Jpx) < —¢(Jp,x), 0 < h < hgy, we obtain

}lLi—r%d2(x, Jnx) < d*(z,y)

for every y € D(¢), hence }LiII(l) d*(z, Jyxr) = 0 since x € D(¢). Hence (4.20) follows from

(4.18) and part i).

(4.21) follows from (4.16), (4.19), (4.20) and the lower semicontinuity of ¢. Finally,
(4.22) is a consequence of (4.16), (4.17) and (4.21).

iv) Part i) and (4.20) imply D(¢) C D(|0¢|) which implies (4.23). O
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Next we give a characterization of the local slope of ¢ from which one can prove the
lower semicontinuity of the functional |0¢|.

Proposition 4.2 ([AGS], Theorem 2.4.9, p. 53, Cor. 2.4.10, p. 54). Under the assump-
tions of Proposition 4.1 we have

(i) For every x € D(¢), x not isolated in D(¢):

o (@ —0) o T
(4.29 \aab\(x)—yeg%)(id(w) + G

where a is as in (Hy).
(ii) The functional |0¢| : D(¢) — [0, 00] is Ls.c.

Proof. 1) Let x € D(¢) not isolated in D(¢). For any p € R we have

L (A=) L N (o)) 1 N
|a¢|( )—zelg(%)( d(x,z) +2pd( 7 >) Szez;Dé%)( d(xvz) +2pd( , )) ,

in particular for p = «. If the right-hand side of (4.25) is equal to zero, we are done.
Otherwise we can restrict the set on which the supremum is taken to the elements z €
D(¢), z # x for which we have

1
(4.26) o(x) — ¢(z) + 5 ad?*(z,z) > 0.
Next we use assumption (H;) with x, yo := = and y; := z, where z satisfies (4.26).
Multiplying (4.4) by h and letting A tend to zero, we obtain

(4.27) d*(z,y(t)) < t2d*(z,2), te€[0,1].

Using assumption (H;) again with the same x, yo,y1 and {7(t)}:c0,1) we fix o > 0 (with
1+ ah > 0) and obtain (deleting the first term in (4.4))

¢(x) — ¢(2)

(4.28) ¢(x) = ¢(+(1) = < d(z, 2)

1
+ o (ah(1 —t) —t)d(z, z))td(a:, z),
for any ¢ € [0, 1].

Since h > 0 is fixed in (4.28) and z satisfies (4.26), there exists ¢ty € (0, 1] such that
the RHS of (4.28) is positive for ¢ € (0,ty). Hence ~(t) # « for t € (0,ty), otherwise the

LHS would be zero. For t € (0,ty) we can divide (4.28) by d(x,v(t)) and using the sign
of the RHS together with (4.27) we obtain

olx) — o((1)) _ (¢<x> —6(2)
A1) -

(z.2) + %(ah(l —t) — t)d(z, z))

Hence
106|(z) > Tim 28 = 900)

o) -0x) 1
) g ade ) >0,

d(zx, 2) 2

>
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and

@) — 9(z) + 1cwl(:z:, z)) +.

0l = s (G4

z€D(¢)

ii) Let z € D(¢) and y # z, y € D(¢). Let (x,) C D(¢) be such that lim d(x,,z) = 0.
There exists ng > 1 such that x,, # y, n > ng. We have

((/5(%) — #(2)
d(x,, 2)

lim sup
n—oo z#Tnp

z€D(¢)

o +
+ 5 d(x,, z))

() —0y) | @ T (o) —oy) | o "
>l (S ) 2 (St )

where we used the lower semicontinuity of ¢ in the last inequality. Taking the supremum
over y € D(¢), y # x, we obtain

|06|(z) < lim [0¢](z,),

in view of (4.25). O

The following estimates will be useful for the proof of Theorems 4.1 and 4.2.

Proposition 4.3 ([AGS], Theorem 3.1.6, p. 64). Under the assumptions of Proposition
4.1, and if h > 0, 1 + ha > 0, we have

i) forxz € D(¢),
(4.29) d*(z, Jyx) < 2(1+ ha)"'h(o(z) — on(z)),
ii) for x € D(|09|),

(4.30) ¢(x) — dn(@) < 5(1+ ha) " h|od[*(x),
(4.31) |06](Jnz) < (L + ha)~"[0¢|(x),
(4.32) ¢(x) = d(Jnx) < 3h(1+ ha)*(2 + ha) |06 (),

iii) for x € D(¢)
reDoo) s 106](ha) < o

1+ha>1/2
i sup SEDD)
h>0 h
1+ha>1/2
iv) for x € D(¢)
veD(ogl) iff sup 0D
h>0 h
1+ha>1/2
v) fora € D(96)
- /
06(x) = lim (0] (Jyr) = lim w ~ lim (2 My :
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vi) for x € D(|0¢])

\8¢\(x) =0 Zﬁ dhg > 0 with 1 + hga > 0
such that © = Jpyx iff for all h > 0 with 1 + ah > 0: x = Jyx.

Proof. 1) Let x € D(¢). Use (4.42) with z = z.

if)
8(x) — ule) _ 0(x) ~ 6Ua) _ (e o) @, ) (. Jya)
Jonle) _ 0@ Z0the) 0D gy 0D (g 4 iy L
by using (4.25). Then (4.30) follows from
961(2) CE) < 06201+ ha)™ 4 5gdl, )L+ ha).

(4.31) is a combination of (4.15), (4.29) and (4.30).

(4.32) follows from the definition of ¢y, (4.30) and (4.29).

iii), iv), v) are easy consequences of the previous inequalities and the l.s.c. of |0¢].
vi) follows from (4.30), (4.29), (4.18) and v). O

Definition 4.3. We denote by Jj, the operator from D(¢) into D(¢) defined by x +— Jypa
where Jyx is defined in Lemma 4.2.

We can now state the first main result of this section.

Theorem 4.1. Let (X, d) be a complete metric space and let ¢ : X — (—o0,+o0] be
proper, l.s.c. and satisfy assumptions (Hy) with o € R and (Hs). Then, for every x €
D(|0¢|) (see Definition 4.2), (EVI) with o of assumption (Hy) possesses one and only
one solution u with initial value u(0) = x. Moreover the following holds:

(4.33) lim (Jyn)"x = u(t) for every t>0,

(4.34) u(t) € D(|0¢|) for every t >0,

(4.35) ulpo,m € Lip([0,T]; X)  for every T >0,

(4.36) [0,00) 5t ¢(u(t)) is nonincreasing,

(4.37) [0,00) 3t +— e0|(u(t)) is nonincreasing and right-continuous,

(4.38) o(u(t)) = hrn ng((Jt/n) x)  for every t >0,

43 g [P ds+ g [ 90t ds+ otu) < ote)

for every t > 0, where |4|(s) is defined in Theorem 1.2.
Finally, if we set

(4.40) S(t)x :=u(t), t=>0,

where u is the unique solution to (EVI) with initial value u(0) = x, then {S(t)}i>0 is a
Co-semigroup of operators on D(|0¢|) satisfying

(4.41) 1Sy < €, > 0.
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Proof. Step 1 (variational inequality for J,z). Let x € D(¢) and let h > 0 with 1+ah > 0.
Let J,x be as in Lemma 4.2. Then

(4.42) By, 2) — d2(z, 2)] + % P (Jhz, 2) + dn(z) < (2)

il
for every z € D(¢). Indeed, by Lemma 4.2 for zZ € D(¢)

. — < —d? ).

(4.43) oh d (x, Jpz) + ¢(Jpx) o7 d (x,2) + o(2)

Let z € D(¢). Using (H;) with o := z, yo := z and y; := Jux and substituting z = (),
€ (0,1) in (4.43), we get

% &Pz, Jyx) + (Jpz) < (1—1) [% d(z,2) + (2 ﬂ

d*(z, Jyx) + gb(Jhx)} — %t(1 — 1) (l

N + a) d*(Jyz, 2).

+[5

Hence

(1—1) [ﬁ (. ) +o(Ja)| < (1-1) [% (2, 2)+0(z)| - % H1—1) (% o) (e ).

Dividing by (1 — t) and letting ¢ tend to 1 we obtain

1
% d (]J Jhl’) + <]§(Jhx) <S
which is (4.42).

Step 2 (estimate for d*(J'z, Jjx)). Let x € D(|0¢]), 7,0 > 0 such that 14 ay > 0,
14+ ad > 0 and let m, n be nonnegative integers. We want to estimate d*((.J,)"z, (J5)"x)
where we use the notation (J,)°x = (J5)°2 := z. The idea is to find an estimate first in
the case m = 0 or n = 0 and then to find a recursive inequality which enables us to find
an estimate for all m,n > 1. A basic tool will be Lemma A2 of Appendix 2. We restrict
ourselves to the case o« < 0.

Case n=0or m =0; a <0. We have for x € D(|0¢|), v >0, 1 +ay>0,m>1,

21h d*(z,2) + ¢(2) — %(% + a) F Iz, 2),

(4.44) d* (I, ) < (my)*(1+ ay)7>"(0¢|* ().
Indeed, setting z = x in (4.42) and multiplying by 2h, replacing h by -, we obtain

(4.45) & (Jya,x) < (14 a7) 7' 29[¢(2) — ¢, (2)].
x) < (Zd(Jé”x, Jé”_l ) < mZdQ ka Jk lz

follows from the triangle inequality and the Cauchy—Schwarz inequality. Using (4.45) we
have

(7, x) < 2my(L+ay) ™) (5 ) — oy (5 )]
k=1
Next we use (4.30) to obtain

(e, x) < my*(1+ o)~ Z|8¢| (S '
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Finally, using (4.31) we get

(T, x) < my(1+ o) 2(2 1+ ay)” (’f‘”)|@¢|2(x>.
k=1

Since o < 0 we arrive at
2 m 2 2 —2m 2
d”(J)'w,x) <m (1 +ay)”""|0¢]"(x)

which is (4.44).
Similarly we have for m=0,n>1,a<0,6 >0, 14+ ad > O:

(4.46) d*(JPx,x) < (n6)*(1 4 ad)~"[0¢)*(z).
Casen>1, m>1, a« <0. We have for x € D(|09|), v,6,1 + ay,1 4+ ad >0, a <0,
m,n > 1:
(4.47) &*(J7x, Jyx) < |0¢|*(z) - max{(1 + ay) 2" (1 + ad) 2D}
A [(my —néd) + (m — n)ow(ﬂ + (v 4 6) - min(my, nd)}.

Indeed, let 1 <i<m, 1 <j<n, xg=y: =2z, x; = Jyxi1, y; = Jsy;—1. Using (4.16)
and (4.42) we obtain for z, Z € D(¢)

1
(4.48) % (@ (i, 2) = d(wi1,2)] + 5 (i, 2) + Bla) < B(2),
A « A A
o [05.2) — Py, D) + 2 () + 6(0) < 0(2).
Setting z := y; in (4.48), 2 := z; in (4.49), adding (4.48) and (4.49) and multiplying by
2~v6 we have

(4.49)

J
2 . ) < i 2 . . 2 ; :
(4.50) d*(z;,y;) < 7 0) 2070 d*(xi, yj—1) + ( £0) + 2070 d* (i1, ;).

Multiplying (4.50) by (1 + a)*(1 + «d)? and defining, also for i =0, j = 0,

(4.51) aij = (1+ay)(1+ ad) d*(x;, Yi)s
we obtain
¥(1 4+ ad) (1 + av)
S T e i1t T T,
v+ 0+ 2070 v+ 0+ 279
Setting
(4.52) §i=9(1+ad), 6:=0(1+ay),

we arrive at
(453) Q; 5 < ﬁ Qi 51 +—

From (4.44), (4.52) and using o < 0 (hence (1 + o)™ (1+ad)™t > 1), we get

(4.54) a0 < 10¢]*(x) - (1+ ay) 7" (1 + ad)~(i9)%,
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similarly from (4.46)

~

(4.55) a0 < 10012(x) - (1 4+ ad) (1 + ay) (i),
Now, since
0¢|* (z) max{ (1 + ay) ™ (1+ ad) >, (1+ ad) (1 +ay)?}
< 96 (x) max{(1 + ay)~"*?), (1 + ad) "},
we can use Lemma A2 with
= [0¢[*(x) max{(1 + a7) " (1 +ad)~" "D} 4=4, §=0, r=2.

Then (4.47) follows from Lemma A2, (4.51), (4.52), 4 <, 6 < 8 (4.52, a < 0).

Step 3 (convergence of {(J;/,)"x}). Let x € D(|0¢|), t > 0, « <0 and ny € N be such
that

t
(4.56) l+a—>0.

no
Let m,n > ng, then (Jy/,)"x and (Jy,)"x are well defined (by Lemma 4.2) and in
view of (4.47) with v:= £, 6 := L we obtain

(4.57) d(Jf),,x, Ji,x) < |0¢|(x) -t - max{ (1 + at/m)~ ) (14 at/n)_(”“)}
1 1 1 1\2\1/2
-<—+—+(at)2<———) ) :
m n m n
Since hm (1 + at/m) (M) = e~ the sequence {(Ji/n)" 2 }nsn, is a Cauchy sequence in
(X,d), " which is complete. We set

(4.58) u(t) == lim (Jyyn) "z, t>0,

n—oo

and we have the estimate

(159) d(u(t), (Jy)"e) < Jo0l(x) -1 (- + ()"

n n

ot t\ —(n+1)
-max(eo‘,<1+oz—) >, t>0, n>ny.
n

Next we show that u(t) € D(|0¢|). By (4. 31) we have |0¢|(Jymz) < (1+at) ™ |9¢|(z),

and by induction [0¢|((Jy/nz)") < (1+ak) 04| (z). In view of the lower semicontinuity
of |0¢|(-) (Proposition 4.2(ii)), we get

(4.60) 99](u(t)) < e06|(x), ¢ > 0.
Step 4 (local Lipschitz continuity of u). Let z € D(]0¢|) and set
(4.61) u(0) := =,

and for ¢t > 0, a <0, u(t) is defined by (4.58).
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From (4.46) with § = £, n > ny, (4.56), we get

t\7
n < _ .
A((Jiyn) "z, 7) < t(l +a n) 19| (z)
By taking the limit as n — oo, we obtain
(4.62) d(u(t), u(0)) < te”*|0¢|(x), t>0,

which implies the continuity of u at 0.
Now we take 0 < s <t,m=n >ngand vy := L §:= 2. Applying (4.47) we obtain

n n

n n t\ —2(n+1) t+ s
d2( t/nx? s/nx) < |8¢|2(Qj) <1 + 5) {(t — 3)2 —+ - . S}.

Hence by taking the limit, we have
d(u(t),u(s)) < |0¢|(x)e |t —s|, 0<s<t.
Taking the limit as s — 0, we arrive at
d(u(t),u(s)) < |0¢|(x)e |t —s|, 0<s <t
If @ > 0 then u is also a solution to (EVI) with o = 0, hence we obtain for any o € R
(4.63) d(u(t),u(s)) < |0¢|(x)e* |t —s|, 0<s<t,

where o~ := max(—«, 0).

Step 5 (u is a solution to (EVI)). Let € D(|0¢|) and o € R as in assumption (H).
If « <0, then for h > 0, 1 + ah > 0, Jyx is well defined by Lemma 4.2 and satisfies
(4.42). Moreover, the estimates (4.44), (4.46), (4.47), (4.57), (4.59), (4.60), (4.63) hold.
We defined u : [0,00) — X in (4.58) and (4.62). We shall prove in this section that u is a
solution to (EVI) with initial value u(0) = 2 where o« < 0 is as above. If & > 0, then for
every h > 0, Jyx is well defined by Lemma 4.2 and satisfies the “variational inequality”
(4.42) where o > 0, hence also for o = 0. Therefore it follows from the proofs of Steps 2,
3 and 4 that Jyx satisfies all estimates mentioned above with o« = 0. As a consequence,
nh_{Iolo(Jt/”)nx exists for every t > 0 and we can define u(t) as in (4.58) for ¢ > 0 and

u(0) = . Then u satisfies (4.34) and (4.35). In this case we also want to prove that u is a
solution to (EVI) with oo > 0! For proving this we start from the “variational inequality”
(4.42) with a > 0. From now on we take o € R and distinguish the cases a < 0 and
a > 0 if necessary.

In view of (4.35) and of Proposition 2.1 it is sufficient to prove that u is an “integral
solution” to (EVI), that is for every 0 < a < b, gpou € L'(a,b) and ¢ o u satisfies (2.2). Tt
follows from the continuity of u that if pou € L'(a,b), ¢ ou satisfies (2.2) with 0 < a < b,
a,b rationals, then w is an “integral solution” to (EVI). Let 0 < a < b with a and b
rational numbers. There exist s > 0 rational, p > ¢ > 0 integers such that a = ¢s and
b = ps. Let ky € N be such that

(4.64) l+a— >0
ko
and let k > kg. Then
(4.65) (Jop)™a = (Ju)"w = (J2) "2 =% u(a),
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and

(4.66) (T = (o) "z = (T )"0 =5 u(d).

pk

Next we set h := 7. In view of (4.64) z,, := J}"x, m > 1, is well defined by Lemma 4.2.

We set zg := z. For any z € D(¢), m > 1, we have by (4.42) and (4.16)
1 h
(4.67) 5 (@@ 2) = d (01, 2)) + 0‘7 (2, 2) + ho () < ho(2).

Adding (4.67) from m := gk + 1 to m := pk we obtain

1 s -
(4.68) §(d2(mpk,z)—d2(qu, +—— Z d*(xy, 2 )+ > ()
z qk+1 l=qk+1
pk

Z = (b—a)p(2).

=qk+

Now we want to take the limit of (4.68) as & — oo. Observe that in view of (4.65)
and (4.66), klim Zpr = u(b) and klim Tgp = u(a).
The next lemma will take care of the limit of the third and fourth terms in (4.68).

Lemma 4.3. Let x,u, s,a,b,p,q be as above and let k > ko where ko satisfies (4.64). We
have

(i) if ¢ : X — R is Lipschitz continuous on bounded subsets of X, then

b
(4.69) i 2 3 o(U'e) = [ otute)ar
l=qk+1 a
(i) if ¢ : X — (—o00,400] is as in Theorem 4.1, then ¢ o u is l.s.c. (hence Lebesgue
measurable), poulap is bounded below. Moreover, if C' > 0 is such that ¢(u(t))+C >
0, t € [a,b], then

(4.70) / (O(u() +C)dr < lim 2 Y 6((e)'s) +Clo— )

In particular, if the right-hand side of (4.70) is finite, then ¢ o u|jy € L'(a,b).

Before proving Lemma 4.3 we apply it in order to prove that ¢ o u|js € L'(a,b) and
satisfies (2.2). Since the function y — d?(y, z) is Lipschitz continuous on bounded subsets
of X,

((y,2) — d*(9, 2)) < d(y,9)(dly, 2) +d(g,2)),
we can use Lemma 4.3(1) in order to prove that the third term in (4.68) converges to
f d*(u(t), z) dt as k — oo. Tt follows that

(4.71)  lim > Z d(x;) < (b—a)p(z)

k—>oo I=qk+1
1 o

- %d2(u(b), 2) + 5 d*(u(a), 2) - 5/ d*(u(t), 2) dt < oo.

a
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It follows from Lemma 4.3(ii) that ¢ o ulfey € L'(a,b) and from (4.70) that u satisfies
(2.2). Hence u is a solution to (EVI).
It remains to prove Lemma 4.3.

Proof of Lemma 4.3. (i) Since u|j,y € Cla, b], we have ¢ o uljy € Cla, b] and

(4.72) /abw( (®)) dt—,}ljgog Z ( < >>

Note that {u(l$) : k > ko, gk + 1 <1 < pk} C u([a, b]) is bounded in X. By (4.59) we
have

(4.73) d<u (z 2) (Js/k)lx> - d(u (z %) (J%)la:>
i) (2)- (- (o2 ) ol

) (n+1)

for some constant C' = C(a, b) > 0, since e~/ < el*l® and hm (1+1 =e <

k—oo

el Since 0 < ¥ < b, it follows that { s/k) v . k > ko, gk +1 <1 < pk} is bounded
in X.
Let k > kg and ¢k + 1 <1 < pk. Then there exists M > 0 such that

'90<U<l 2)) = e((w)a)| < Ma(u(12), (Jue)'z),

in view of the Lipschitz continuity of ¢ on bounded subsets of X. By using (4.73) we get

‘S”(“(l 7))~ e((Tup)'a)| < MIagl(@)C (ol D) (1 + (as)) " -5 %
Hence
s lg;l(w(u(z 2)) - so(u(Js/k)lx))' < M|3g|(x)C"(|al, b, s)%lzilll/Q _ o(%),

as k — oo. Therefore in view of (4.72) we obtain (4.69).

(i) Since u € C([a,b]; X) and ¢ is ls.c., ¢ o w is l.s.c. and since [a,b] is compact,
¢ © |4 is bounded below. Let C' > 0 be such that ¢(u(t)) + C > 0, t € [a,b]. Then
f; (¢(u(t))+C) dt is well defined, possibly equal to +co. Next we show that ¢ is bounded
below on the set B := {(Js/k)lx ck > ko, gk <1< pk:}, where z is as in Theorem 4.1
and ko satisfies (4.64) and ¢, p are defined as above. Note that B C D(¢). Suppose for
contradiction that ¢ is not bounded below on B. For k > kg let [, € N be such that
gk <l < pk and

Ok = ¢(( s/k) ) = min{qb(Js/k)lx gk <1< pk},

There exists a subsequence ¢ tending to —oo as k — +oo. Let ty == Iy - 7, k > ko.
Since tj, € [a, ], there exist a subsequence of t;() still denoted by t;(), and ¢ € [a, b] such

that klim tiw = t. We claim that Jim d(u(t) J](k) z) = 0.

1 s /i(k
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Clearly Jim d(u(t), u(tjm)) = 0. Set mg = ljx). In view of (4.59), using the same
constant C'(|a,b) as in (4.73),

d(u(mk : ﬁ), (Jﬁ)mkl") = d(u(mk : ﬁ), (J%/mk)mkx>

< 1061(@)C(al,b) b+ (575 + (@s)°

which proves the claim.
Since ¢ is l.s.c., we have

¢(u(®)) < lim ¢((J )" 2) = lim ;) = —oo,

k—oo k—oo

a contradiction. Therefore ¢ is bounded below on the set B, and there exists C' > C > 0
such that ¢(y) + C' > 0 whenever y = u(t) for some t € [a,b] or y € B.

Let ¢(y) = max(¢(y),—C), y € X. Then ¢ : X — (—o0,+00] is proper, Ls.c.
and satisfies ¢ > —C, d(u(t)) = ¢(u(t)), t € [a,b], and ¢(y) = ¢(y), y € B. Next we
approximate F' by Lipschitz continuous functions ¢,. Let ©n(y) := inf {a(z) +nd(y, 2) :
z € X} where n > 1, y € X. Then one verifies that ¢, > —C, ¢, < ©ni1, ©n T 5 as
n — oo and ¢, € Lip(X;R). For each n € N we can apply part (i) of Lemma 4.3 and we
get

[ entuttae=tim £ 3~ (')

Suppose J < 0o, otherwise there is nothing to prove. We have ¢, + C' > 0 and

/%%W@%HnﬁSJ+C@—®,nZL

By the monotone convergence theorem, we get
b o~
/ (op(u(t)) +C)dt < J+C.

Since ¢(u(t)) = ¢(u(t)), t € [a,b], we get ¢pou-+ C € L'(a,b), hence ¢ o ulj,y € L'(a,b)
and 7 ¢(u(t))dt < J. O

Step 6 (proof of (4.33)—(4.38) and (4.40)—(4.41)). The function u defined above is the
unique solution to (EVI) with initial value u(0) = x by the A priori estimate 2.1. Claim
(4.33) is clear by definition (4.58), (4.34) is a consequence of (4.60), (4.35) follows from
(4.63). Let {S(t)}i>0 be the family of operators defined as in (4.40) by S(t)x = u(t),
t > 0. Then S(t) maps D(|0¢|) into itself by (4.34), clearly S(0) is the identity map on
D(|0¢]). If h > 0 and v(t) := u(t + h), t > 0, then v is a solution to (EVI) with initial
value v(0) = w(h). By uniqueness we have S(t + h)z = S(t)u(h) = S(t)S(h)x, hence
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S(t+ h) = S(t)S(h), which is the semigroup property of {S(¢)}:>o. Then (4.41) follows
from A priori estimate 2.1. Next we prove (4.36). As a consequence of (4.16) we have

¢((Jt/n)na7) < o(Jymr) < 9(x), n=>ng, t>0, v € D(|04)]),

where 1+ a;- > 0.
Since ¢ is Ls.c., we obtain from (4.33) ¢(S(t)z) < ¢(x). If h > 0, then

¢(u(t +h)) = ¢(S(t+ h)x) = (S(t)S(h)x) < o(S(h)x) = ¢(u(h)),

which proves (4.36). Similarly we have from (4.31) for z € D(|0¢|), t > 0 and n > ny

-1
001(J ) < (140 ) 100](@),

hence i\
961((Jn)"2) < (14+a=) " 109](x),
and by Ls.c. [0¢](u(t)) < e *0¢|(x). Now let h > 0,

6a(t+h)‘a¢‘(u(t + h)) _ eoc(t-i-h)‘agb‘(S(t + h)$)
= ] 9g|(S () () < e 0| (S()) = 190 ().
which proves the first assertion in (4.37). The right-continuity follows from lower semi-

continuity and nonincreasingness.
It remains to prove (4.38). Since (Jy/n)"x — u(t) and ¢ is Ls.c., we have

(4.74) ¢(u(t)) < lim ¢((Jym)"x), t>0.

n—oo

In view of (4.25) we have for y € D(¢) and z € D(|0¢|):

(4.75) 6y) > 6(2) = [09](2) - d(y, =) + 5 (v, 2).

Substituting y = u(t) and z = (Jy»)"x in (4.74) we obtain
(4.76) ¢((Jiyn)"x) < G(u(t)) +108] ((Jeyn)"x) - d((Jem)"z, ult)) — %d2((Jt/n)"93>U(t))-

Using (4.31) we have |0¢|((Ji/n)"z) < (1 + aL)™"|0¢|(z), hence from (4.33) and (4.76)

we arrive at

(4.77) lim ¢((Jim)"x) < d(ult)), >0,

which together with (4.74) implies (4.38).
Step 7 (proof of (4.39)). We need the following

Lemma 4.4 ([AGS], Theorem 3.1.4, p. 62). Let ¢ : X — (—o0,+0o0] be as in Theorem
4.1. Let h > 0 be such that 1+ ah > 0 where v is as in (Hy). Then for anyy € D(¢) we
have

(478 o) - ont) =3 [ DLW gy
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Proof of Lemma 4.4. In view of the assumptions on h, J,y is well defined for 0 < s < h and
s — d*(y, Jyy) is nondecreasing by (4.20), hence Borel measurable as well as d*(y, J,y)/s>.
Moreover, let N(y) C (0,h) denote the at most countable set of points of discontinuity of
s+ d*(y, Jyy). Since lim ¢; (y) = ¢(y) by (4.22), it is sufficient to prove

h—0

(4.79) on () — 0. () = % / L d(y, Jy)

2
ho S

ds

for 0 < hy < hy such that 1 + ahy > 0. - -
Next we claim that y — ¢,(y) € Liplho, hi]. Let hg, hy € [ho, h1]. Then we have

1 1
Ono(Y) — dny (y) < ®(ho, y; Jnyy) — ®(ha, y; Jny) = o d*(y, Jn,y) — o d*(y, Jn,y),

hence

<1h1—h0

2
=9 hohl d (y> ‘]hly)'

(4.80) Gho(Y) — &ny (¥)

Choosing hy < hy, we get in view of (4.22), (4.20):
1
(ho)?

which proves the claim. It follows that the derivative of h +— ¢ (y) exists a.e. in (hg, hy)
and that

(y, J,y)

DN | —

|Pno (y) — &, ()| < (ha — ho)

ho d
1) = 05,0 = [ (3 0n(w) dn.
We claim that for h € (ho, h1) \ N(y)

d 1 d*(y, J
(1.81) = only) = — T

which implies (4.79). Interchanging hy and hy in (4.80) we obtain

1 hi — ho
2 hohy

1 ho =y

— d? .
9 h'O hl (y7 Jh0y>

(4.82) Ono(y) — dn (y) > d*(y, Jney) =

Assuming hg < hy in (4.80), (4.82) we get

¢h0 (y) - gbhl (y) < 1

! 1
ho — hy 2 hohy

d*(y, J
hOhl (y> hly)

d2 (y> Jhoy) S

N —

and recalling that lim d*(y, Juy) = d*(y, J:y) for h ¢ N(y), we obtain (4.81) for every
o h—h
h e (ho,h1>\N(y> U

In order to prove (4.39) we introduce uniform (dyadic) partitions of the interval [0, ¢]:
for k£ > 1 we set

(4.83) hyp =t-27%  tF=inh,, 0<i<2k
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and we choose k > ky > 1 where kj satisfies
(4.84) 1+ ahg, >0,

ensuring that J,, x is well defined.
Using the notation (J;, )% = z, we define the following functions associated with the
above partitions, where 1 <4 < 2%:

X
4.85 un(s) := o
(4:85) = i s e (),

(4.86) (s) : {x s=0,

‘](s—tfil)(‘]hk)i_lxa s € (tf—lath

0 s =0,
(487 wele) =) A0 ) 0) e
hy,
and
0 s=0,
(189 ) 1= A ) ) g
b

Clearly vy, wy are nonnegative real-valued functions on [0, ¢] which are Borel measurable
(for wy, see the proof of Lemma 4.4).
We have

Lo, Lo, k
§/t wk(s)ds:§/0 wi(s+t; ;) ds

1 /hk A ((Jn) ", Js(Jn, ) i)
0

s2

= ¢((Jhk)l_1x) - gbhk ((‘]hk)i_lx)7

2

where we used (4.88) and (4.78). Using the definition of ¢, we obtain

¢hk<(‘]hk)i_lx) = 2—]17% d2((‘]hk)i_lx’ (Jhk)lx) + ¢<(Jhk)lx)

Next, observing that

1 . . 1
o L) ()'s) = 5 /t v3(s) ds,

we arrive at
1 1t
5 / v,f(s) ds + 5/ w,%(s) ds = qb((Jhk)’_lx) — gb((Jhk)Zx).
t t

k k
i—1 1—1

Summing over i from 1 to z* we obtain
1 t 2 1 t 2 2k
5 vi(s)ds + 5 wi(s)ds = ¢(x) — ¢((Jt/2k) ;E)
0 0
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Using (4.38) we get

t t

1 1
(4.89) lim = [ vi(s)ds+ lim = [ wi(s)ds
k—o0 0 k—o0 0
: L[, L[,
< lim { o [ wvi(s)ds+ 5 [ wils)ds | = ¢(x) = ¢(u(t)).
k—oo \ 2 Jo 2 Jo
Next we prove that
t t
(4.90) / 1062(u(s)) ds < lim | w2(s)ds,
0 k—o0 J0
and for some subsequence j(k)
t t
(4.91) / i|?(s) ds < lim v?(k)(s) ds.
0 k—oo J0

Notice that (4.89), (4.90) and (4.91) imply (4.39).

In order to establish (4.90) and (4.91) we first prove that for every s € [0, 7]
(4.92) ]}1_)1210 d(u(s), w(s)) = ]}erolo d(u(s), uk(s)) = 0.
Clearly d(u(0),w(0)) = d(u(0),u(0)) = 0. Let s € (0,¢] and € > 0. For every k > kg
there exists a unique ¢ € {1,...,2*} depending on k, such that s € (t¥ |, ¢¥]. Since u
is Lipschitz continuous on [0, #], there exists k1 > k. such that d(u(s),u(t¥ ;)) < e/2 for
k > k1. On the other hand, by (4.59), there exists C; = C1(t, ko) such that

— 1
d(u(t® ), (") = d(u(t™,), (Jo-on ) '2) < |96|(2)C, - :
(0t ) (1)) = d(u(tE), (s ap) ') < 001(0)Cr -~
Since lim (i —1)27% = s > 0, we have lim (k) = oo, hence by the triangle inequality, for

k—o0 k—oo
k large enough, d(u(s),u(s)) < e, which proves the first part of (4.92). Next we estimate
d(ur(s), w(s)), s € (0,¢]. We have y(s) = Js5,(Jp,)" '@, where i = i(k) is as above and
Op =5 —tF . So

d@k(s)’ a’“(s)) < d<<]5k(<]hk)i_1$7 (Jhk)i_lx) + d<<]hk(<]hk)i_lx, (Jhk)i_1$)
< (314 10) ™+ a1+ hea)™)109] () )

by using (4.29), (4.30).
By (4.31), for z € D(|0¢]), |06|((Jn,)" 'z) is bounded. Since 0 < § < hy — 0, we
have
lim d(ﬂk(s),ﬂk(s)) = 0,

k—o0
which implies the second part of (4.92).
Now for s € (tF |, t¥) by (4.88), (4.15) and (4.86) we obtain

1—1 Vg

d(‘]5k (‘]hk)i_lx> (‘]hk)i_lx)
O

Since |0¢| is L.s.c. we get by (4.92)
lim wy(s) > lim [06](tk(s)) > |0¢|(u(s)).

k—o0 k—oo

> |0¢] (s, (Jn, )" x) = |08] (Ui (s))-

wi(s) =
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Therefore by Fatou’s lemma

[10oruienas < [ i up(s)ds < i [ uts)as
0 0

k—oo k—oo JO

which proves (4.90).
Finally we establish (4.91). By (4.89) there exist M > 0 and a subsequence j(k) such
that

(4.93) /0 (vy0)2(s) ds < M.

Therefore there exist a subsequence, still denoted by j(k), and v € L%(0,t), v > 0 a.e.,
such that v converges weakly to 7 in L*(0,¢) and

¢ ¢
(4.94) / v%(s)ds < lim U?(k)(s) ds.
0 k—o0 J0
Since d(wg (5 ), w,(tF)) = f;k v(s)ds, given 0 < 51 < sy < t, we can find sequences

(s1.k), (S2,) converging to s, s, such that

d((s), (1)) < / " (s) ds.

51,k

In view of (4.92), (4.93) we obtain

d(u(s1), u(sz)) < /82 v(s) ds.

S1

Hence the metric derivative of u, |4|(s) satisfies |u|(s) < ©(s) a.e. on (0,%). By (4.94),

t t t
[ ks < [ < i [ i) as

which is (4.91). This completes the proof of Theorem 4.1. O

We arrive at the main result of this section.

Theorem 4.2 (Ambrosio-Gigli-Savaré, see [AGS]). Let (X,d) be a complete metric
space and let ¢ : X — (—00,400] be proper, lower semicontinuous. Let assumptions
(Hy) with o € R and (Hsy) be satisfied. Then there ezists a Co-semigroup {S(t)}i>o0
on D(¢) satisfying [S(t)|Lp < e, t > 0, such that for every x € D(¢) the function
u : [0,00) — X defined by u(t) := S(t)xz, t > 0, is the unique solution to (EVI) with
initial value u(0) = x. Moreover, the following properties of the function u hold:

i) pou(t) < dewy(x) for everyt > 0 such that 1+ ac(t) > 0 where

¢
c(t) ::/ e ds;
0

ii) the map [0,00) 3t — ¢ owu(t) is nonincreasing and right-continuous;

iii) the map [0,00) >t +— e 2> ‘g ou(t) is convexr, where a~ := max(—a,0);
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iv) u(t) € D(|0¢|) for everyt >0 and

t -
100 (u(t)) < € ¥(g(x) — 6u(x))
for every t > 0 such that 1 4+ at > 0;
v) the map (0,00) 3 t +— e*|0¢|(u(t)) is nonincreasing and right-continuous;
vi)
dr 2 2
—r(@ou)(t) = —|0¢"(u(t)) = —a+[*(t)
(u(®),u(s))
s—t

for every t > 0 where || (t) := lim &

L is the right metric derivative of u at t;

vii) t
¢pou(s) —¢goult) = / {%|3¢|2(u(7’)) - %\uﬁ(r)} dr
for every 0 < s < t;
vili) for every 0 < a < b, ujqy € Lip([a,b]; X) and
[ulesleip < 1061 (u(a))e™ =,

ix) u(t) = lim (Jy/)"x for every t > 0;

x) o(u(t)) = nh—1>r<>lo O ((Jeyn)"x) for every t > 0;

xi) if & > 0 then ¢ has a unique minimizer T € D(¢p) and d(u(t),T) < e~ *d(x,T) for
every t > 0;

xii) if a =0 then

P(u(t), (yn)"2) £ = (0(0) = dun()) < 55106 @)

S|+

for every t > 0.

Remark 4.3. The proof of the convergence of {.J t”/na:} used in Theorem 4.1 gives a weaker
estimate than the estimate in xii). However, it is simpler than the one given in [AGS].

Proof of Theorem 4.2.

Step 1. “Extension of {S(t)}>0".

Let « € D(¢) = D(|0¢|) and let ¢ > 0. Let {S(t)}+>0 be the semigroup de-
fined in Theorem 4.1. Since S(t) : D(|0¢|) — D(|0¢|) is Lipschitz continuous and
D(|0¢|) is complete, there exists a unique continuous extension of S(t) to D(¢) still
denoted by S(t). Clearly S(t) : D(¢) — D(¢) is also Lipschitz continuous and satis-
fies [S(t)|Lip < €. Let (z,) C D(]0¢]) be such that x, — x. Then, for t,s > 0,
S(t+ s)r = lim S(t + s)x, = lim S(t)S(s)x, = S(t)S(s)x. Since S(0) = I, {S(t)}+>0
satisfies the semigroup property. Let ¢, > 0 be such that ¢, — ¢, and let y € D(|0¢)|).
Then d(S(t)z, S(t,)2) < d(S(t)z, S(t)y) + d(S(E)y, S(tn)y) + d(S(t)y, S(ta)z) < (e +
e Vd(z,y) +d(S(t,)y, S(t)y). Hence imd(S(t)z, S(t,)r) < 2e*d(x,y). Since D(|0¢|) is

44



dense in D(¢), we have lim d(S(t)z, S(tn)x) = 0, hence {S(¢)}i>o : D(¢) — D(¢) is a C
a-contractive semigroup on D().

Step 2. “u(t) := S(t)x is an integral solution to (EVI)”.

Let (x,) be as in Step 1 and let u,(t) := S(t)z,, n > 1, u(t) := S(t)x, t > 0. Since
d(un,(t),u(t)) < e*d(x,x,), the sequence {u,(-)} converges uniformly to u(-) on intervals
[0,7],T > 0. Let 0 < a < band z € D(¢). Since ¢ is L.s.c. we have ¢(u(b)) < lim ¢(u,(b)).
Hence there exists C; € R such that ¢(u,(b)) > ¢(u(b)) — Cy =: C. Since ¢ o u, is
nonincreasing in [a, b], ¢ o u,(t) > C for t € [a,b], n > 1. We have

1 o

[ otualt) de < 5 Plunfa).2) = 5 ), 2) -

X 5 [ e+ 0 ao)

In view of what preceeds we can apply Fatou’s lemma, and noticing that ¢ o u is l.s.c.,
hence Borel measurable, we obtain

/a(¢ou(t)—|—c)dt§ %d2(u(a),z)—%d2(u(b),z)—%/ P(u(t), 2) dt + (b—a)(6(2) + ).

a

Therefore ¢ ou € L(a,b) and u satisfies (2.2).

Step 3. “u(t) := S(t)z is a solution to (EVI) and proof of i), ii) and iv).”

In order to prove that u is a solution to (EVI), in view of Proposition 2.1 and Step 2,
it is sufficient to show that w € Lip([a,b]; X) for every 0 < a < b. By (4.63) (recalling
that (4.63) is proved under the assumption a < 0), and by the semigroup property, we
have

d(un(t), ua(s)) < |0¢](un(a)e®®(t — 5)
for0 <a<s<t<b, n>1, where u, is defined in Step 2. Thus if we can find ag > 0
such that for every a € (0, ag), |0¢|(u,(a)) is bounded, then u will be a solution to (EVT).

We set .
c(t) ::/ e ds
0

for ¢ > 0 and choose a9 > 0 such that 1 + aay > 0 and 1 4+ ac(ag) > 0. Clearly if
0 <a < ag, then 1 +aa >0 and 1+ ac(a) > 0 too.

Let a € (0,aq). We first establish a bound for ¢(un ( %)) and prove i). Since u,, satisfies
(EVI), we obtain by multiplication by e** and integration on [0, ¢], for some ¢ > 0:

1

%eo‘tdQ(un(t), z) — 5 d?(u,(0), 2) —l—/o e p(un(s))ds < c(t)p(z), =z € D(¢).

Using the fact that ¢ o u,, is nonincreasing we get

1 ! as 1 2
6oult) < / € 9(u,(5)) ds < 6(2) + 50 (0,(0). ).

Hence, assuming 1 + ac(t) > 0 and taking the infimum over z € D(¢), we obtain (see
Definition 4.1)

(4.95) (¢ oun)(t

) <
Since ¢, is continuous (see Lemma 4.2) a
independent of n such that (¢ o u,)(t) < Cy(t

) () 2). no
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), n > 1, in particular,



This equation will be used later.
Notice also that since ¢ is continuous and ¢ is ls.c., then for ¢ > 0 such that
1+ ae(t) > 0 we have

(4.97) ¢ ou(t) < Pory ()

which establishes i). Next we shall find a bound for |0¢|(u,(a)) and to this end we first
prove iv) in the special case x € D(|0¢|). For the sake of clarity we denote = by y in this
case and set v(t) := S(t)y, t > 0. Let ¢ > 0 be such that 1 + at > 0. From Theorem 4.1
(4.39) we get

3 [ 1ooRto) ds < o0 [ototo) + 5 [ 1]

Since v € Lip([0, t]; X') we have

d(v(0), v(t)) < / [6](s) ds

and by Jensen’s inequality

L 2w(0), (1)) < /O (0[2(s) ds.

t

It follows that
3 | 1095 ds < o) = [o(o0) + 5; o 00)] < 66) = 61l

Next we use (4.37) which implies [0,00) 3 s — e2* *|0¢|*(v(s)) nonincreasing, where
a~ :=max(—a,0). Therefore

%e—2at|a¢|2(’u(t)) < (% /t 620‘73 ds 6—2a’t|a¢|2(v(t))

0

1 ! - —2a s
<5 [ e 0P 0s) ds < 6lu) - (o)
0
This establishes iv) in the case y = x € D(|09|).
Now we are in a position to prove the bound for |0¢|(u,(a)). Indeed by choosing

a

y = u, (%), we have u,(a) = S(%)y = v(%), hence

o < o(s0(3) - un o3

Since gb(un(%)) is bounded by C4 (%) and ¢, /2 (un(%)) is bounded (¢q/2 is continuous and
U, (%) — u(%)), there exists C5 > 0 independent of n > 1 such that [9¢|(u,(a)) < Cs,
n > 1. Therefore u is a solution to (EVI).

Next we prove that u(t) € D(|0¢|) for every ¢ > 0. Observing that u,(a) = S(%)u, (%)

we have as above

N
SIS

a

C e 100 (un(0) < 0 (un(5)) = urz(un(5)) < eiarm @) =0 (5)), m =1
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Hence, since |0¢|(+) is L.s.c., we obtain

06(u(0)) < ¢ By (2) — dupa (u(8))] < o0

Hence S(a)z € D(|04|) for every € D(¢) and a > 0 such that 1 4+ aa > 0 and
14 ac(a) > 0. Tt easily follows that S(t)z € D(]0¢|) for every x € D(¢) and t > 0.

Next we prove ii). Let t > 0 be such that 1 + ac(t) > 0 and let z € D(¢). Then
P(S(t)x) < dey(x) < ¢(x), the last inequality being a consequence of (4.16). Clearly
)z
t

o(S(nt)x) < ¢(S(n—1)t)x) < ¢(x) for every n > 1 and x € D(¢). Hence ¢(S(t)zr) < ¢(z)
for every x € D(¢) and t > 0. Using the semigroup property we obtain ¢(S(t + h)z) =
o(S(t)S(h)x) < ¢(S(h)x), t,h > 0, which proves ii).

Finally, we prove the inequality in iv). Let ¢ > 0 be such that 1+ at > 0. There exists
ho > 0 such that 1 + a(t+ h) > 0 for 0 < h < hg. Let x € D(¢). Since S(h)x € D(|0¢|)
we have by what precedes

%|0¢|2(5(t)5(h)w) < e (@(S(h)z) — 6u(S(h)x)) < e** H((x) — do(S(h)7)).

Choosing a sequence h,, | 0 we obtain
%I%IQ(S( Jx) < lime* ! ((a) — ¢e(S(hn)z)) = € (¢(x) — du(2)).

Step 4. “Proof of v) and viii)”.
v) Let h > 0. Then S(h)z € D(|0¢|) by iv). Hence

[0,00) 3t — e*0|(u(t + h)) = e*|0d|(S(t)S(h)x)

is nonincreasing by Theorem 4.1 (4.37) and right-continuous since ¢ — e®|d¢|(u(t + h))
is 1.s.c. This completes the proof of v).

viii) Let 0 < a < b. Set v(s) := u(s +a), s > 0. Then v(0) € D(||0¢|) and since
v(s) = S(s)S(a)r = S(s)v(0) we have s — wv(s) € Lip([0,7T]; X) for every T > 0 by
Theorem 4.1 (4.35). Moreover, by (4.63) we have

d(v(s1),v(s2)) < 199|(v(0))e® *2|sy — s1], 0 <81 < 9.

Setting s1 := s — a, $3 :=t — b we arrive at viii).
Step 5. “Proof of xi)”.

Existence and uniqueness of a minimizer 7. Let a > 0. In view of (H;) we have for
every z,y,2 € D(¢), h >0, 7(0) =y, (1) = =

o7 @ (2.1(2) +o(4(3)
< 55 v + o] + 5[5 P +02)] - 5 (5 +a) . 2)
Letting h — oo we obtain

(4.98) %ad2(y, z) <

N —
| —
-
—~
Ned
S~—
|
ASS
—
5
—
N
SN—"
SN—"
—_
+

DO |
[ —
-
—
N
S~—
|
ASS
—
5
—
N
SN—"
SN—"
—_



Since a > 0, ¢ is bounded below by Lemma 4.1. Set p := inf ¢, and let {x,},>1 be a
minimizing sequence. We get, by (4.98),

Pl ) < = [(6m) — )+ (8) —p)], mon>1

Hence {y,,}n>1 is a Cauchy sequence with limit Z. Therefore

p < o) <lim¢(y,) = p

and T is a minimizer of ¢.
Uniqueness follows from (4.98). Since T is also a minimizer of ®(h,Z;-) we have
JpT =T for each h > 0. Hence from (4.42) with z := T and (4.16) we obtain

6(7) = % [T, 2) — d(z, z)] + 6(@)
=5 [d2(Jhx 2) — d*(T, z)} + on(T) < @(2) — §d2(f7 2)

for every h > 0 and z € D(¢). It follows that v(t) := T for t > 0 is a solution to (EVI)
with initial value Z. Now xi) is a consequence of the A priori estimate 2.1.

Step 6. “Proof of iii), vi) and vii)”.
Suppose at first that © € D(|0¢|). Then by (4.39), (A4.1), (4.36), (4.35), (4.37) we
obtain

3 | tiP@ a5 [ 0ok dr < o) = o(utt)

/\agz)\ Vil (r) dr < & /|u\ ) dr + = /|a¢|

for ¢ > 0. This implies vii) with s = 0. Using the semigroup property we obtain vii)
for every 0 < s < t. Using the semigroup property again and wu(s) € D(|0¢|) for any
s > 0 we establish vii) for any 0 < s < t where z € D(¢). Finally, observing that
¢(z) = sup ¢ o u(s) (by ii) and the lower semicontinuity of ¢), we obtain vii) with s = 0.

s>0

This completes the proof of vii).
Notice that we also proved that

/t(\m(r) —106](u(r)) dr =0, 0<s<t.
This implies |@|(r) = |0¢|(u(r)) a.e. in (0,00). It follows that
¢ ou(s) — ¢oult) /|6¢| )dr:/t|a\2(r)dr<oo, 0<s<t.
Using the right-continuity of |8|(u(-)) (which follows from v)), we have

%(gﬁ ou)(t) = —|06*(u(t)) for every t > 0.

Next we establish the second equality of vi). We have for ¢,h > 0
t+h t+h
dtutt+mu®) < [ filrydr = [ ool dr
t t
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hence

d(u(t + h),u(t
h

(4.99) T B) < |26) (u(t))

h10
by using the right-continuity of |0¢|(u(-)). If |0¢|(u(t)) = 0, then we have |u|(t) =0 =
|0¢|(u(t)). We suppose now that |0¢|(u(t)) > 0. By Proposition 4.2 we have
o(u(t)) = ¢u(t + 1)) | 1 :

(a0, ull = 1) +§ad(u(t),u(t+h)))

cb(U() ¢(u(t +h)) h 1

06| (u(t)) > (

for t,h >0, h < 1. Hence

d(u(t), 72(15 +h)) 96 (u(t)) > o(u(t) — Q;(W +h) % ot [ulip. ey - d(u(t), ult + h)).

It follows that

961 u(e)) tim WO IEEDD 5 0y (1) = 90 (u),

R10

v

hence

lim
h|0

> 0] (u(t)),

which together with (4.99) completes the proof of vi).
Finally we prove iii). In view of the right-continuity of ¢t — e™2* ¢ o u(t) by ii), it
suffices to prove that the function is convex on (0,00). Let 0 < a < b, p ;== mingou =

[a,0]

¢ o u(b). We have
d+
dt

d(u(t),u(t+ h))
h

e (p(u(t) — p) = =72 O8] (u(t)) — 2a7e7** (p(ult)) — p)
which is nondecreasing. Therefore (by absolute continuity) ¢ +— e™2* ¢ o u(t) — pe=2*"*
is convex as well as t — 2% ‘¢ o u(t). This completes the proof of Step 6.

Step 7. “Proof of ix)”.
Let y € D(|0¢|), n > 1 and ¢t > 0. We have

d(S@t)z, (Jym)"z) < d(S(O)z, S()y) + d(S(O)y: (Jiyn)"y) + d((Jyn)"y: (Jyn)"2)-
In view of Theorem 4.1 and the quasi-contractivity of S(-

);
lim d(S(t)z, (Jin)"z) < e *d(z,y) + hm d( Jin)" Y (Jom)" ).

we have

Then the claim follows from the density of D(|d¢|) in D(¢) and the estimate
n@od((‘]t/n)nya (‘]t/n)nx> < 63aitd(x7 y)

In order to prove this estimate we set h := t/n, xp = (Ju)kz, o == x, yp = (Jn)*y,
Yo =9y, 1 <k <n. Werecall that for 1 <k <n

(4.100) %dz(ykv z) + %(dz(yk,z) — d*(yr-1,2)) < 9(2) — dlyr), 2 € D(9)
o Pl ) + %(d?(xk,z) CP(11-1,2) < 6(3) — b(xr), Z € D(&).
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Choosing z := xy, 2 := yr_1, adding and discarding the first term in (4.100) when
a > 0, we get

(4.101) % [dQ(ﬂsz, Yr) — d2(517k—1, yk—l)]

< Bly) = (o) + T [ (i) + (i)

When a > 0 we have telescopic sums and we arrive at

1

o 18 (0 yn) = d (0, 90)] < B(t0) — H(yn).

Since lim ¢(y,) = ¢(S(t)y) by (4.38), we obtain lim d*(x,,y,) < d*(xo, yo) which com-

n—oo

pletes the proof of ix) in the case oo > 0.
Next we consider the case o < 0. Majorizing in (4.101) the term d*(xy,yr_1) by
2d?(xy, yr) + 2d*(yr, yr—_1) we obtain

(1= 3|alh)d®(zk, yr) < d*(zp-1,yr-1) + 20 [d(yr-1) — (yr)] + 2| hd® (yr, Yr—1)-

Setting z := yx_1 in (4.100) we get

P (yr, Yr—1) < 20(1 = |alh) [o(yr-1) — ¢(yx)].
Hence, when 3|ajh < 1, we obtain
(1 = 3|alh)d*(zk, yr) < d*(zp—1,yk—1) + 2h[1 + 2|alh].
Multiplying by (1 — 3|a|h)*~!, we have
(1 = 3|a|h)*d® (w, ye) < (1= 3|alh)* 'd*(zp—1, yr-1) + 2h(1 + 2]a|h) (d(yr-1) — d(yk))-
By adding we arrive at

(1= 3|alh)d*(2n, yn) < d*(x,y) + 2h(1 + 2|e|h) (6(y) — D(yn)).
As in the case o > 0 we obtain

lim (1 — 3|alh)"d*(z,, y,) < d*(xo, yo),
hence .
T d?(2,, yn) < 1d>(z0, y0).

n—oo
This completes the proof of the case a < 0.

Step 8. “Proof of x)”.
Without loss of generality we may assume a < 0. By lower semicontinuity of ¢ it
is sufficient to show: lim ¢(Jj),z) < é(u(t)), t > 0. Moreover, by Theorem 4.2iii),

e 2 tpou(t) is convex hence continuous on (0, 00). Consequently it is sufficient to prove
that

(4.102) lim ¢(J}),z) < ¢p(u(t —e)) forall e e (0,2).

n—~o0
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Fix ¢ € (0,¢). Assume that (4.102) does not hold. Let 6 > 0 be such that
(4.103) (Ji)n) > dlu(t —€)) +90

for infinitely many n. Let n be such that (4.103) holds and 14 2 > 0. Set a}} := th/nx,
1 <k <n. Then we have by (4.16)

(4.104) olxp) > o(u(t—e))+9, 1<k<n.

Then for all z € D(¢), by (4.42), (4.16),

Blaf, 2) = ey, 2) + s P, 2) < 20 [6() - ()]

Hence

(1 +a %)de(asz,z) - <1 + %)k_ldQ(xZ_l, z) <2

If 0 < m < n we have

(4.105) <1 +a %)ndQ(xz, z) — <1 +a %)md2(le, 2)

t t\ k-1 n
< 25 Z <1+Oéﬁ) [Qb(z) _(ﬁ(l’kﬂ
k=m+1
Now we choose m depending on n such that &% — ¢ —e as n — oo (i.e., m ~ nt=).
Then 27, "= u(t — £) by Theorem 4.2ix). Let z := u(t — ). Choose n large enough so

that d?(z7, z) < ede®*. We obtain by (4.104) and (4.105)

n

0§d2(xz,z)<1+a%>n§ <1+a%>md2(xfn,z)—2% Z <1—|—a%>k_15

k=m+1
t\m < N
< 1 . (6755 _ o o .
_( +0zn) gde 2n Z<1+0zn) 1)
k=m-+1
At the limit for n — oo we have
t
0 < et — 2/ e dsd < —fee™ < 0. O
t—e

5 Gradient flows in probability spaces

The aim of this section is to present some applications of the theory developed in Sections
2 and 4. The metric space (X, d) will be a metric space of probability measures on RY
equipped with the Kantorovich—-Rubinstein—Wasserstein distance.

In Section 5.1 we introduce some notation concerning Borel probability measures on
metric spaces, in Section 5.2 the space (Po(RY), Ws(:,-)) is defined and in Section 5.3
a basic convexity property of the distance function W, is established. In Sections 5.4
and 5.5 we consider examples of functionals ¢ on Py(R”Y) which satisfy the assumptions
of Theorem 4.1.
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5.1 Preliminaries

Let (Y, d) be a metric space. We denote by B(Y') the Borel o-algebra generated by the
open sets of Y and by P(Y) the collection of all Borel probability measures on Y. Let
(Y,dy) and (Z,dyz) be metric spaces and f:Y — Z be a Borel map (i.e. f~1(A) € B(Y)
for all A € B(Z)) and let pn € P(Y'). We denote by fxu the image measure (of p under f)
defined by

(fer)(A) = pu(f7(A),  AeB(2).
We have fup € P(Z). Finally, if (Y;, d;)M, are metric spaces, we introduce the metric

d((yi -5 yan)s (T -5 ) = <Z di (Y, ?k)) 1/2,

with y;,7: € Y;, i =1,..., M, on the product space
M
[[ve=Yix.. xYuy.
k=1

We denote by 7', i = 1,..., M, the projection maps @ ((y1,...,yum)) = y; and by 77,
i,j=1,..., M, i+ j, the maps

Wi’j(yla e 73/M) - (yw y])

We recall that the maps 7¢, 7/ are continuous, hence Borel.
If ' € P(X;), 1 <i< M, we set

(5.1) D(pt,..., pM) = {pePYix. .. xYy):mu=p' 1<i< M}

Notice that T'(u!, ..., pM) > ' @ ... @ u™, the product measure of ut, ..., u*.
We conclude this subsection by recalling a proposition which plays an important role
in the sequel.

Proposition 5.1. Let (X;,d;), i = 1,2,3, be complete separable metric spaces and let
pt? € P(Xy x Xy), ph® € P(Xy x Xs) be such that wyp™? = wiu™®. Then there exists
p € P(Xy x Xy x X3) such that W;f,u = u'? and W;;?’,u = b3,

Similarly, if pt* € P(Xy x Xy), p** € P(Xa x X3) be such that nipu'? = wlp?, then
there exists p € P(X; x Xy X X3) such that W;f,u = u'? and 7@’3# = %3,

5.2 The space (P2(RN)7W2('7 ))

From now on we shall consider Borel probability measures on R" equipped with the
euclidean metric. We shall identify RY x R with R¥*M . We recall that on P(RY) the
“narrow” convergence of measures can be metrized. We shall use the (-distance (“dual
bounded Lipschitz” distance). For p!, u? € P(RY)

(5.2) At 2 = sup{\/RN Fdu' — /R Fau?]

f € BL®RY), sup |f(@)] + [flup <1

zeRN
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where BL(RY) is the set of bounded and Lipschitz continuous functions f : RY — R.
Moreover we have: p™, p € P(RY), n > 1, satisfy

(5.3) Bu™ p) == 0 iff fd n - fdu

for every f : RY — R bounded and continuous.
We recall that the metric space (P(RY), 3) is complete and separable. We now intro-
duce the space

(5.4) Pr(RY) = {,u € P(RY): / |lz|? du(z) < oo}
RN
and the Wasserstein metric defined by
1/2
(5.5) Wa(p', p?) = {inf{/ |z =yl dp(z,y) - p e F(Ml,uQ)}] :
RN xRN
where p', p? € Po(RY). We have B3(u!, u?) < Wo(u', u?), see Exercise 5.1.

The infimum in (5.5) is actually a minimum and we use the notation: for u', u? €

Py (RY),

6:6) Lol i= {p e Tt Wi ) = [ e yPduten).
RN xRN

So we have

(5.7) o(pt, p?) # @ for every p',p? € P(RY).

We also have u™, i € Po(RY), n > 1, satisfy
(5.8) Wa(u™, ) =0 iff fdu™ — | fdp
RN RN

for every f: RY — R continuous for which there exist C;,Cy > 0 (depending on f) such
that
If(z)] < CL+ Col|z)* forall xeRY

(function with quadratic growth).
The space (P2(RY), Wa(-,-)) is a complete metric space. The support supp u C RY of
p € P(RY) is the closed set defined by

(5.9) supp it := {x € RY : u(U) > 0 for each open set U of RY containing z}.
For 1 € P(RY), suppu = {z} for some z € RY iff u = 4,, the point (Dirac) measure
at z. Notice that T'(6,, u) = {0, ® u} for any p € P(RY), hence

(5.10) W2(5,, 1) = /N o —yPduly), pe PyRY).
R
In particular,
W3 (0s,0,) = d*(z,y), z,y€RY.
Moreover, for u G P(RY), suppp is a ﬁnlte set {z1,...,7,} C RY iff there exist

o, . » > 0 with Z a; = 1 such that p = Z @;0,,. The collection of finitely supported
i=1

measures is dense in (Po(RY), Wa(-,-)). It follows that (Po(RY), Wa(-,+)) is separable.
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5.3 “Convexity” of the function W(yu,-)

We want to apply Theorem 4.1 when X = Po(RY) and d = W,. We begin by considering
a constant functional ¢, i.e. ¢(z) = ¢g € R for every z € X. For any ug € X the constant
function wu(t) = wug, t > 0, is a solution to (EVI) (by direct verification) for every a < 0,
in particular for « = 0. Moreover, in view of the A priori estimate 2.1 this is the only
solution to (EVI) with ug as initial value. If we want to apply Theorem 4.1 in order to
obtain existence we need to verify condition (H;) for @« = 0. This obviously implies the
following “convexity” condition on W?2(-,-):

For every p', 12, u® € Py(RY) there exists a map v : [0, 1] — Po(RY) such that
Y(0) = 1, (1) = pi®, satisfying

W3 (' v (1) < (1= )Wt 1?) + W5 (u' 1®) — (1 — W5 (u®, 1)
for every t € [0,1].

Assuming that (5.11) holds we could consider functionals ¢ : Py(RY) — (—o0, +00]
which satisfy

(5.11)

(D) < (1= D8(*) + to(n®) = S (1 = OW3(2, i), € [0,1],

on the same curve v as in (5.11). For such ¢, (H;) would be satisfied.
See Exercise 5.2.
Proceeding as in the Hilbert space case we could think of the curve v defined by

V() = (1= t)p® + 4, te0,1], p* # .

However, choosing ' = §y we get in view of (5.10)

W o, (1= 0+ t®) = [y (1= 0+ )
= (1 — t)W3 (80, p*) + tW5 (00, i*), t€[0,1].

Choosing ¢ = 1 in (5.11) we obtain W3 (42, 1*) = 0 which is impossible. Therefore another
choice of curve is needed.

In case N = 1 condition (5.11) is satisfied even with equality sign for the curve
v :10,1] — Po(RY) defined as follows: given any u € To(u?, u?),

() = (1= t)n' +tr*)pp, te€[0,1].

See [AGS], p. 204.
However, if N > 2 the opposite inequality holds, i.e.

W3 (uh, v (1) > (1= )W (p', 1?) + tW3 (', 1®) —t(1 = )W (2, 1%), ¢ € [0,1].

See [AGS], p. 162.
Fortunately there is another curve for which (5.11) holds. Let p', p2, ® € P(RY). In
view of (5.7) there exist u'* € To(u!, 1*), i = 2, 3. By Proposition 5.1 there exists

(5.12) p € D(pt, 1, 1®)  satisfying ﬂ;iu =ubt, =23
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Set
(5.13) Y(t) = (L= t)r* +tr)yp, t€10,1],
where p satisfies (5.12). We have for ¢ € [0,1]: y(¢) € P(RY) and

/ 2 dy(z) = / (1= tyy + 12| dpu(a, y, 2)
RN RN xRN xRN
< / (9 + 12°) du(z, y, =) = / Iyl dii2(y) + / |22 dyi¥(2) < oo,
RN xRN xRN RN RN

hence (&) € Po(RY).
Furthermore we associate with p satisfying (5.12):

(5.14) W) = [ v — = dp(a.v. )

RN xRN xRN
which is (proceeding as above) finite.

Proposition 5.2. Let p', p2, 12 € Po(RY). Let p € T(pt, p?, 1) satisfy (5.12) and let
v :[0,1] — Po(RY) be as in (5.13). Then we have

(5.15) W3 (u', (1) < (1 —t)W5 (u', p®) + W5 (u', 1®)
_t(l_t)Wi(M2>M3)> te [07 1]7

where W21, 1i*) is defined as in (5.14).
Furthermore we have

(5.16) Wi (p?, 1) > W3 (12, 11°),
hence 7y satisfies (5.11).

Proof. Set &, := ((1 — t)7"? + tx13)4p, t € [0,1]. Then 6; € P(RY x RY) for ¢ € [0, 1].
Moreover, since

(1 =)+t (21, 2, 73) = (21, (1 — )20 + ta3),
we have 73,0, = p* and 73,0, = y(t), hence &, € T'(u",~(t)). It follows that

W2 (1)) < / Ju — v[? déy(u, v)

RN xRN

2
= / ‘xl —(1—=t)zy — tl’g‘ dp(zy, T2, T3)
RN xRN xRN

= / (1 =) (1 — @) + t(21 — 1:3)}2 du(xy, z9, x3)
RN XRN xRN
= (1= W3 (p', p®) + tW3(pt, 1°) — t(1 = )W 3 (i?, 11°)
by (5.12) and the Hilbertian identity (4.1).

Moreover
W2(p?, 1) = / ly — 2> dp(z,y, 2)
RN xRN xRN
= [ =R = Wi )
X
since Wig,u € T(p?, ). O
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The previous result motivates the following definitions.

Definition 5.1. A curve v, : [0,1] — Po(RY) asin (5.13) where p € T'(u!, p?, 1u®) satisfies
(5.12) is called a generalized geodesic between p? and p® with base pt.

Definition 5.2. A proper functional ¢ : Po(RY) — (—o00, +-00] is called \-conver along
generalized geodesics if there exists A € R such that for every p!, u? u® € D(¢) there
exists a generalized geodesic v, for which the following holds:

(517) G(l1)) < (1= 6(%) + 16(s") — 2 1~ W2(*, %) for every 1 € [0,1]

where W7 is defined in (5.14).

Corollary 5.1. Let ¢ : Po(RY) — (—o0,+00] be proper and A-convex along generalized
geodesics. Then the map

~+00 otherwise,

meuo:{%wﬁw40+wm,ue0w»

h >0, u' € Po(RY), satisfies assumption (Hy) with o = .

5.4 The “potential energy” functional

Let V : RY — (—o00,+00] be proper, Ls.c. and M\-convex (i.e., V — )e is convex) for
some A € R. In view of Theorem 4.1 with X = RY equipped with the euclidean metric
we can associate with V' a Cy-semigroup {7'(t)}+>0, T(t) : D(V) — D(V) satisfying
[T(t)]Lip < e, t > 0, such that the function

(5.18) t—u(t)=T{t)x, xeDV), t>0,

is the unique solution to (EVI) with initial value x.
Given py € P(D(V)) we can define

(5.19) S(t)po :==T(t)gpo, t>0.

Clearly S(t) maps P(D(V)) into itself and satisfies the semigroup property. Indeed,
S(0)po = ﬂW#”O = o and for ¢,5 > 0

S(t+ )0 = Tt + 8) 410 = (T(OT(s)) 1
— (1) 4 (T(s)10) = S()(S()p0) = (SW)S(s))o

for every pp € P(D(V)).

Moreover, if ug € P(D(V)), f € BC(D(V)), t,,t > 0 are such that ¢, — t, then
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where we used the Lebesgue dominated convergence theorem. It follows that {S()}>¢ is
a Cy-semigroup on (P(D(V)), 3) where 3 is the metric defined in (5.2) and RY is replaced
by D(V). We can also identify P(D(V)) with {u € P(RY) : supppu C D(V)} by setting

(5.20) pRY\D(V)) =0 if peP(D(V)).

In this way we can view P(D(V)) as a subset of P(RY).
The fact that P(D(V)) is a closed subset of (P(RY),3) is a consequence of the fol-
lowing

Lemma 5.1 (Prop. 5.1.8 [AGS]). Let (Y,d) be a separable metric space. Let pu", u €
P(Y), n > 1, be such that f(u", 1) — 0 as n — oo. Then for every x € supp u there
exists a subsequence (ny)5, such that

(5.21) Ty, € SUPD fin,, kK >1 and d(z, ,x) — 0 as k — oc.

Similarly we can define

(5.22) Po(D(V)) = {pn € Po(RY) : supp u € D(V)}.

Since B(ut, u?) < Wo(ut, ) for every pt, u? € Po(RY), Po(D(V)) is a closed subset of
(P2(RN), Wa(-,+)). Now we claim that Po(D(V)) is invariant under the semigroup S(t),
ie.,

(5.23) S()P(DVY) € Po(D(V)), ¢ > 0.

Indeed, for t > 0, T € D(V) and po € Po(D(V)) we have

D(V)

Z%;ﬂT®ﬁwﬂﬂmm@%i/ P(T()7. T(8)y) dpoly)

gaW/;Jﬂzwwmw<w.
D(V)

Moreover, we have for p!, u? € Py(D(V)):
(5.24) Wa(S()p!, S(t)p?) < e M Wa(u', p?), t=0.

Indeed, if p € To(ut, u?) we get

|z —y|*d((S(t) x S()) ) (z,)

D(V)xD(V)
=/' () — T(t)y[? dp(z, y)
DV)xD(V)
< 62“/ |z =y du(z,y) = e W3 (', 1?).
DV)xD(V)

Hence the semigroup {S(¢)}+>0 is a A-contractive semigroup on Po(D(V)). Next we
show that it is also a Cp-semigroup with respect to the metric Wa(+,-). Let f € C(R™; R)
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be such that there exist C;,Cy > 0 such that |f(z)] < C, + Colz]?, z € RY. Let
po € Po(D(V)), tn,t > 0 be such that ¢, — t. We have to show

tim [ f@)d(SEm)() = [ f@)d(S(Hpo)@).
DV) D(V)

equivalently

(5.25) tm [ p) o) = [0 do(e)

Since f(T'(t,)z) — f(T(t)x) as n — oo and

| F(T(t)7)] < Oy + Co|T(tn)af* < Cy + 2C5|T(t,)x — T(t,)T|* + 2C,|T(t,)T
< C) + 205 M |z — T|* 4 20,5|T(t,)Z)? < Cs + Cylz — 7|2

}2

for some Cs,Cy > 0 and Z € D(V), (5.25) holds as a consequence of g € Po(D(V)) and
the Lebesgue dominated convergence theorem. L

It is remarkable that such a contractive Cp-semigroup {S(¢)}:i>o on Po(D(V)) is the
semigroup associated with a proper, Ls.c. functional ¢y : Po(RY) — (—o0, +00] satisfying
assumption (H;) with @ = A and assumption (Hy).

This functional is the so-called potential energy functional defined by

(5.26) ov (i) = / Vi) du(z), p € PoRY).

The right-hand side of (5.26) is well-defined (possibly +00) since V'~ the negative part of V'
(V =V* —V7) has “quadratic growth” as a consequence of Lemma 3.1 and \-convexity,
hence

/ Vo (x)du(x) < +oo for € Py(RY).

D(V)
Theorem 5.1. Let V : RY — (—o0, +00] be proper, l.s.c. and \-convex for some X € R
and let ¢y : Po(RYN) — (—o00, +00] be the functional defined by (5.26). Then ¢y is proper,
l.s.c. and satisfies assumption (Hy) with o = X\ and assumption (Hy). Moreover

D(¢y) = {n € Po(RY) : suppu € D(V)}

and the semigroup associated with ¢y by Theorem 4.1 is equal to the semigroup {S(t)}+>0
defined by (5.19) with py € Po2(RY) with supp g € D(V).

Proof. 1) ¢y is proper. Since V is proper there exists o € D(V) hence ¢y (0,,) =
V(zg) < 0o and 6, € D(¢y).

2) ¢y is Ls.c. Let p™, u € P(RY) be such that Wy(u", 1) — 0 as n — oo. For h > 0
such that + + A > 0 we denote by V}, € C*(RY;R) the Yosida-Moreau approximation
of V' as in Section 3. We have:

dko > 0 such that Vk > kg :

Vi(x) < Vijgsn(x), o € RY and :EE Vi(x) =V(z).
Z R0
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Since Vi, has quadratic growth we have for every k > ko
/ Vi dp = lim Vl/k dp" < lim Vi dp™ < lim Vdu™.
By taking the supremum over k& we obtain by the monotone convergence theorem

/Vduéli_m Vidp™.
RN

n—oo JRN

3) ¢y is A-convex along generalized geodesics. Let ut, u?, u® € D(dy), u € T'(ut, u2, u?)
satisfy (5.12), 7y, be as in (5.13) and W2(-,-) as in (5.16). In view of the A-convexity of V,
we have for ¢ € [0, 1]:

ov (1)) = /R V@) ) (a)
— /RN V() d((1 = > + tn%) ) () = /(RN)3V((1 — )y + t2) du(z, y, 2)

<00 [ VO de ) et VEdut ) - S0 Wi )

= (1= 00w () + 16y (1) — S~ W2, ).

4) ¢y satisfies assumption (Hy). Let g € D(V'), r, > 0 and consider the closed ball
in PQ(RN)Z o
B((Srm Tw) = {:u S PQ(RN) : W22(5$07:U’) S razc}
Since V'~ has quadratic growth and since |y|?> < 2|y — zo|? + 2|z0|? we have for u €
B(620,72):

ov(p) > —/ V7odu > —Cy — 02/ ly|? du(y) > —oo  for some Oy, Cy > 0.
RN R

5) D(¢y) C Po(D(V)). Since Po(D(V)) is closed in (Po(RN), Wa(-,-)) it is sufficient
to show that D(¢y) C Po(D(V)) or, equivalently, Po(D(V))¢ € D(py)¢. Suppose p €
Py (RY) with supp u € D(V). Then there exist x and U open such that z € U ¢ D(V) ",
with u(U) > 0. Since V(z) = +oo for all z € U, [on V(2) dp = 400.

6) Po(D(V)) € D(¢y). Let u € Po(RYN) with suppp € D(V). Then there exists a
sequence of convex combinations of Dirac measures

My, My,
E Oz, With oy, >0, g g = 1,
k=1 k=1

zn € D(V) satisfying

M
W2 <Z Oékm(sxk’n, ,u) n_)—os 0.

k=1

There exists a sequence yg,, € D(V') such that |z, — yrn| < % Hence

My, My,
W (Z ozkméyk’n,,u) — 0 and Zak,néyk,n € D(¢v).

k=1 k=1
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7) In view of 1)-6) and Corollary 5.1 the functional ¢y satisfies all assumptions of
Theorem 4.1. We denote by {S(t)}so the semigroup introduced in Theorem 4.1. It
remains to show that S(t) = S(t), t > 0.

To this end we consider the (resolvent) operator Jy, : D(¢v) — D(¢y), h > 0, 1+ > 0,
introduced in Lemma 4.2. Similarly we denote by j, : D(V) — D(V) the (resolvent)
operator associated with V in RY i.e., for x € D(V), jnz is the unique minimizer of the
functional T — o- |z — Z|? + V(Z). We claim that Jyu = (ju)gp for p € D(¢y). Indeed,

for any 1z € D(¢v), u € D(¢y) and v € Tg(u, i) we have

1 . . 1
L W)+ o) = = / 21 — 252 dr(y, ) + / V(2s) dy(ay, 2)
2h 2h RNXRN

RN xRN
1
- / <% |y — @) + V(:@)) dry (1, )
RN xRN

1 , '
> [ Gt = V) (o

:/R L s — il (i %) ) o ) +/RN V(@) d((i)pr) ()

N RN 2h

1 , .
> o3 Wi (1 G)ete) + S((Gn)eit),
since (id xjn) g € D1, (Jn)1t)-

In view of the uniqueness of the minimizer we obtain Jj, = (jn)xp, as claimed. Then

it is easy to verify that (Jy,)"u = (jt/n)”#,u, for n large enough and t > 0, u € D(¢y ).
In view of Theorem 4.1, Wa((Jy/n)" i, §(t),u) =5 0 hence B((Jim)" 1, §(t),u) ==0.
It is easy to verify that
B(((Gen)™ )b (T(1))ge1t) = 0

since (j/n)"x — T(t)z, x € D(V) (in view of Theorem 4.1 applied to X = RY, d(x,y) :=
|z —y| and ¢ := V). Hence S(t)u = S(t)u, t > 0 and p € D(¢y). O

5.5 The negative of the Gibbs—Boltzmann entropy functional

In this subsection we give another important functional which satisfies assumption (H;)
with @ = 0 and assumption (Hs) of Section 4.

Let € Po(RY). If p is absolutely continuous with respect to the Lebesgue measure
on RY and p denotes its density we set

de(1) ;:/ plog pdx and
RN

op(p) == 400 otherwise.

(5.27)

The functional — f]RN plog pdx is known as the Gibbs—Boltzmann entropy of the density
p on RV,

Let us show that the right-hand side of (5.27) is well-defined, more precisely, that the
negative part of p — plog p is integrable with respect to the Lebesgue measure whenever
ne PQ(RN) Set

s
h(s) := 0 1 s=0, and h~(s) := —min(h(s),0).
slogs if s >0
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Let C > 0 be such that h(s) < C/s, s € [0,1]. For any Q C RY Borel measurable
consider the sets Qg := QN {p(z) < exp(—|z|)} and Q; := QN {exp(—|z|) < p(z) < 1}.
Then

/Qh_(p(x))dm = /QO h_(p(:lr))dzzc—l—/Ql h™(p(z))dx < C’/Qe_g”/2 da?+/9|x\p(x) dz.

Let R > 0 and Bg := {z € R" : |x| < R}. Then

/RN h™(p(z)) dzw = /BR h™(p(x)) dz +/ h~(p(x)) dx

RN\Bg

< / h=(p(x)) dz + C elel/2 gy 4 / (|p(z) dz.
Bgr ]RN\BR

RN\Bg
Observe that the last term is bounded by
9 1
5 |z|“p(z) dx + — p(x) dx
RN\Bpg 4e RN\Bp

which is finite for every € > 0 (see [JKO], p. 9).

Theorem 5.2. The functional ¢p : Po(RY) — (—o0,+0o0| defined in (5.27) is proper,
l.s.c., a-convex along generalized geodesics with o = 0 and satisfies assumption (Hs).

Proof. See [AGS]. O

Ezercise 5.1. Let pt,p® € Po(RY). Prove B(pt,u?) < Wo(ub,u?). (Hint: use v €
Lo(p', ) to rewrite [on fdp' — [on fdp®.)

Ezercise 5.2 (M. Wortel). Show that in any metric space (X, d) for every xg,z1,29 € X
and t € [0, 1] we have:

d*(zo,7(t)) < (1 — t)d*(zo, 21) + td*(wg, 23) — t(1 — t)d* (21, 22)

where
I t = O,
’Y(t) = Zo S (07 1)7
i) t=1.

Which proper functionals ¢ : X — (—o0, +00] satisfy assumption (H;) with v as above
and o = 07

Ezxercise 5.3. Suppose that in Theorem 5.1 the function V satisfies the additional assump-
tion V € CHRY;R). Let {T'(t)}s>0 be defined as in (5.18) and {S(t) }+>0 as in (5.19). Let
e = S(t)po with py € P(RY), t > 0. Show that {ju}+>o satisfies the PDE

/(0,00) /RN (81&90(15, x)+ (=V.,.V(x), Vyp(t, x)>> dp(z) dt = 0

for every ¢ € C°((0,00) x RY).
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Appendix 1

The aim of this appendix is to recall, mostly without proofs, some results concerning
functions of bounded variation.

Let (X,d) be a (not necessarily complete) metric space. Let a,b € R with a < b and
let w: [a,b] — X. Given a partition 7, a =ty < t; < ... <t, =b, let

V(mu) = Zd(u(ti_l),u(ti)).

Then w is said to be of bounded variation (with respect to the metric d) if sup V (7;u) < oc.
We denote by BV([a, b]; X) the collection of all X-valued functions which are of bounded

variation. We use the notation

(A1.1) V(u; [a,b]) :=sup V(m;u) over all partitions 7 of [a, b].

™

Clearly if u € Lip([a, b]; X) then u € BV([a, b]; X) and V (u; [a, b]) < [u]Lip(b—a). Asin the
case X = R one shows that if u € BV([a,b]; X) and ¢ € (a,b) then |y, g € BV([a,c]; X),
uliey € BV([c,b]; X) and

(A1.2) V(u; a, b)) =V (ulag; [a, c]) + V (ulje; [c, b]).
We shall denote by V,,(t) the real-valued function defined by
(A1.3) Vu(t) ==V (u;la,t]), te]a,b].

We have fora <s <t <b

(A1.4) d(u(s),u(t)) < Vu(t) — Viul(s) = V(us [s, t]).

The function V,(-) is nondecreasing and satisfies V,,(a) = 0.
Let v : [a,b] — X. If there exists a nondecreasing function M : [a,b] — R such that

d(v(s),v(t)) < M(t) — M(s)

holds for all @ < s <t <b, then v € BV([a,b]; X) and V,(t) < M(t) — M(a), t € [a,b].

It follows from (A1.4) that if u € BV([a, b]; X), then the set where u is not continuous
is at most countable. Also if V,(-) is continuous then clearly w is continuous. On the
other hand, it can be shown as in the case X = R that if u is right (resp. left) continuous
at t € [a,b] then V() is also right (resp. left) continuous at t.

The next lemma is useful.

Lemma A1 ([Br73], Appendix). Let v € BV([a,b]; X). Then we have for all h in
(07 b— (1)

(A1.5) / " ) ut - ) dt < BV (s [0,
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Proof. Since the set of discontinuity of w is at most countable, the same holds for the
bounded functions ¢ +— d(u(t),u(t+ h)), t — V,,(t) and t — V,(t + h) on [a,b— h|. Hence
these functions are integrable. Using (A1.4) we have

/b_hd(u(t),u(t +h))dt < /b_h Vi(t + h) — Vi(t) dt
:/b Vu(t)dt—/b_hvu(t)dtg/b Vy(t)dt < hV(b) = hV (u: [a,8]). O

a+h

A function v € C(]a, b]; X) is not necessarily of bounded variation but if u is absolutely
continuous (see Definition 1.1), then it is of bounded variation and V,(-) € AC|a,b] as
in the case X = R. Conversely, if u € BV([a,b]; X) and V,(-) € AC|a,b] then u €
AC([a, b]; X).

Let v : [a,b] — X be such that there exists a function M : [a,b] — X nondecreasing
and absolutely continuous. Then by what precedes we have v € BV([a, b]; X) and V,(t) <
M(t) — M(a), t € |a,b]. It is easy to verify that V,(-) € ACla,b] hence v € AC(]a, b]; X).
Notice that M is absolutely continuous iff there exists m € L'(a, b) nonnegative such that
M(t) — M(s) = fstm(r) dr,a < s <t <b. It follows that for v : [a,b] — X we have
v € AC([a, b]; X) iff there exists m € L'(a, b) nonnegative such that

(A1.6) d(v(s),v(t)) < /tm(r) dr, a<s<t<hb.

In this case (A1.6) implies V() ) < f ) dr, hence

t t
/divu(r)dTS/m(r)dr, a<s<t<b.
S T S

It follows that £V, (r) < m(r) a.e. in (a,b).
We conclude this Appendix by showing that if u € AC([a,b]; X), then the metric
derivative |1u|(¢) (see Theorem 1.1) exists for almost all ¢ € (a,b), |u| € L*(a,b) and

la|(t) = %Vu(t) a.e. in (a,b).

Proof (JAGS], Theorem 1.1.2). Let u € AC([a,b]; X) and let N,, be a subset of (a,b) with
measure zero such that £V, (t) exists for every ¢ € (a,b) \ N,. Since u([a,b]) is compact
in X, it is separable. There exists a countable subset E of u([a,b]) which is dense in
u([a,b]). For every e € E the functions d(e,u(-)) € ACla,b] and let N, be a subset of
(a,b) with measure zero such that 2£d(e, u(t)) exists for every t € (a,b) \ Ne.

Set N:= N,U U N.. For t € (a,b) \ N set
eck

0(t) == sup
eckE

%d(e,u(t))‘ and ((t)=0, t € N.

Then ¢ is nonnegative and measurable. We have

d(u(s), u(t)) = sup|d(e, u(s)) — d(e,u(t))| < / lr)ydr, a<s<t<bh.

ecE o
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Let t € (a,b) \ N. Then

6(t) — sup i [1C1O) —dleru(@)] - Jd(u(t), u(=))]

ecE s—t ‘t_$| s—t |t_3‘

< g VD =Vl _d
s—t |t — 8| dt

It follows that ¢ € L*(a,b). Let N, be a subset of (a,b) of measure zero such that every
t € (a,b) \ Ny is a Lebesgue point of ¢. For every ¢ € (a,b) \ N, we have

i 200):u®) iy

s—t It — s
Hence for every t € (a,b) \ (N U N;) we have

() da) _ | d(u(s), dat) _ d
s—t |t—8| s—t |t_8| dt

Vu(t).

Therefore on this set the metric derivative |i|(t) exists and [a|(t) = €(t) < LV, (¢).
On the other hand, since d(u(s),u(t)) < fstﬁ(r) dr,a <t < s <b, we have 2V, (t)

<
dt " u —
{(t) a.e. in (a,b). It follows that |i|(t) = 2V, (t) a.e. in (a,b). O

—

Appendix 2

The purpose of this appendix is to state and prove a lemma which is used in the proof of
Theorem 4.1. It is a (symmetric) variant of a lemma due to Crandall-Liggett [CL71].

Lemma A2. Letr,v,0, K be real numbers satisfying

(A2.1) 0<r<2, =~0,Kz>0.
Let m,n be positive integers. Let {a; j}o<i<m be nonnegative real numbers satisfying
0<j<n
(A2.2) < 7 40 1<i<m, 1<j<
. A 7 &S ———= Q; 5— ——< Qi1 54, ST, ~ sn,
I =g T i J
(A2.3) a0 < K(iv)", 1 <i<m,
(A24) CLOJ S K(](S)T, 1 Sj S n.

Then for1<i<mand1<j<n
(A2.5) a;j < K [(iy — j6)2 + (7 + 8) min(iv, j8)] .
Proof. 1) Case r = 2. First observe that if

o)

a=(ag,...,ap), [= , and H = (h;j)i<i<m,

: 1<5<n
Bn
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where «;, 3;, h; ; are real numbers, there exists one and only one m x n matrix U = (u; ;)
defined recursively by

J
<A26) U5 = # Us -1 + /y—ui_Lj + VV_ h'7' 1<9 S m, 1 S] <n

(A27) Ui 0 = Oy, 1 < 1<m

If we denote this matrix by U = U(a, 8, H) we have U = U(a, 0,0)+U(0, 3,0)+U(0,0, H)
and the maps a — U(,0,0), g — U(0,53,0), H — U(0,0, H) are linear. Moreover, if
a;, B; and h;; are nonnegative, then u;; are nonnegative. From these considerations it
follows that

(A2.9) a;; < Kb 1<i<m, 1<j<n,

1,79
where b; ; satisfies (A2.6) with H = 0, (A2.7) with a; = (i)? and (A2.8) with 3; = (j§)>.

Let ¢;; = (iy — j0)%, 0 <4 < m, 0 < j < n. Then ¢;; satisfies (A2.6) with h;; =
—(v+9), (A2.7) with o; = (i7)? and (A2.8) with b; = (j)?. Indeed

(17 = G = 1 + (6= )y = o)

v+
Y o %) Yo 752 26
= Ci Cij+2——cij—2——c;
) S v+6 gt 7+5C” 7+5Qﬂ 7+5+7+5
%)
p— Z 5 .
c J (7 + ) + 5

Setting d; ; = b; ; — ¢;; we deduce that d; ; satisfies (A2.6) with h,; ; = v+ 0, (A2.7) with
a; = 0 and (A2.8) with §; = 0. Therefore d;; := ﬁ d; ; satisfies (A2.6) with h,;; = 1
(A2.7) with a; = 0 and (A2.8) with 3; = 0.

Finally, we observe that e; ; := i, 0 < i <m, 0 < j < n, satisfies (A2.6) with h,; ; = 1,
(A2.7) with a; > 0 and (A2.8) with §; = 0. Indeed,

)

%) Y0

) =i —— = — ———

_ Z +
I v+6

(i) +

_ 7
v+ YT s Y T

It follows that d;; < e;;. Similarly if f;; :== 6, 0 <i <m, 0 < j < n, then di; < fi,
hence d; ; < min(iv, j0). Consequently

ai; < Kby = K(cij+dij) = K(cij + (v +0)dy,) < K[(iy — 58)* + 40 min(iv, j6)],

which is (A2.5) with r = 2.
Case 0 <1 < 2. Set b; j = (a;;)?/". Since 2/r > 1 we have

) 2/r ¥
bij = (az’,')2/T < <— Ajj—1 + ——— A1, ) < ——=bij1+—=bi,
J J J ~ J ~ J ~ J
by Jensen’s inequality. Moreover

bio < K¥"(i)?, 1<i<m, and by; < K¥"(j6)? 1<j<n.

Since a; ; = (b;;)™/?, the result follows from case i). O
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Appendix 3

The aim of this appendix is to state without proofs some results of the theory of “nonlinear
semigroups” on Banach and Hilbert spaces.

Notation

Let X be a nonempty set and let A, B C X x X.

D(A) :={z € X : Jy € X such that (z,y) € A}
R(A) :={y € X : 3z € X such that (z,y) € A}
A i={(y,2) € X x X : (z,y) € A}
I'={(z,x) e X x X :2€ X}
Ao B :={(z,y) € X x X : 3z € X with (z,2) € B and (z,y) € A)}

Let X be a real vector space. If A, B C X x X, and A € R, one sets

A+ B :={(zv,ytz2):(x,y) € A, (z,2) € B}
A = {(z, \y) : (z,y) € A}.

Let (X, | -|) be a normed space.

Definition. A nonempty subset B of X x X is called accretive (—B dissipative) if, for
every A > 0,
(I+AB)'":RI+)\B)— X

is single-valued (i.e. (I + AB)~'z is a singleton for every z € R(I + AB) or, equivalently,
(I + AB)~! is the graph of a function from R(I + AB) into X. By abuse of notation we
shall also denote the element of this singleton by (I + AB)~'x), and we have

I(Z+AB) "2y = (I + AB) 2| < |21 — 2]

for every 1,z € R(I + AB).
Remark. Clearly a nonempty set B C X x X is accretive iff

lz1 = ol < [[(21 = 22) + Alyr — 32|

for every A > 0 and every (x;,y;) € B,i=1,2.

Remark. If B is accretive then AB + ul is also accretive for A, > 0. In particular, if
A C X x X is such that A+wI is accretive for some w € R, then (I + \A)~! is the graph
of a function whenever A\ > 0 satisfies wA < 1.

Theorem A3 ([CL71]). Let (X,||-||) be a real Banach space and let A C X x X be such
that there exists w € R for which A + wl is accretive. Suppose that there exists Ag > 0
such that

(A3.1) R(I + \A) D D(A)

for all X € (0, \g), where D(A) denotes the closure of D(A) in (X, | -||).
Then

(A3.2) lim [(1+LA4)" "

n—~o0
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exists for x € D(A) and t > 0. L

Let S(0)x = x and S(t)x be the limit in (A3.2) for v € D(A) and t > 0. Then
{S(t) }i>0 is a Co-semigroup on D(A) which satisfies [S(t)|Lip < €', t > 0. Moreover, if
x € D(A) and u(t) :== S(t)x fort >0, then uljpr € Lip([0,T]; X) for every T > 0.

Next (for simplicity) we suppose in addition that the set A C X x X satisfies instead
of (A3.1) the stronger assumption

(A3.3) R(I+MA)=X
for all A > 0 such that wA < 1. Then the following holds:
i) If u defined above is strongly right-differentiable at some t € [0, 00), then
d+
(A3.4) u(t) € D(A) and — au(t) € Aul(t).
ii) If v € C([0,T]; X) for some T > 0 satisfies

(A3.5) v(0) € D(A),
(A3.6) v e AC([e,T); X) forevery e€(0,T),
(A3.7) v is strongly differentiable a.e. in (0,7),
(A3.8) v(t) € D(A) a.e. in (0,7),

d
(A3.9) —%v(t) € Avu(t) a.e. in (0,7),
then

v(t) = S(t)v(0) for every t € (0,T].

Hilbert space case (see [Br73| and references)

If A+ wl is accretive for some w € R, if assumption (A3.3) holds and = € D(A), then
t — S(t)x is right-differentiable for every ¢ > 0.

If moreover A + wl is the subdifferential of a proper, lower semicontinuous, convex
function ¢ : X — (—o0,+o0] and x € D(A) then t — S(t)x is right-differentiable for
every t > 0.

Appendix 4

In this appendix we state and prove a result used in the proof of Theorem 4.1.

Proposition A4. Let (X,d) be a complete metric space and let ¢ : X — (—00,+o0]
be proper, l.s.c. If ¢ satisfies (Hy), then |0¢| is a strong upper gradient, i.e. for every
u € AC([a,b]; X), the Borel function |0¢| o u satisfies

(A4.1) |6(u(t)) — o(u(s))| S/ |09 (u(r))ul (r) dr

for every a < s <t <b. In particular, if (\&b\ o u) - |4] € LY(a,b), then ¢ ou € AC|a, b
and

(A4.2) [(pou)(t)] < |0¢|(u(t))|u|(t) ae. in(a,b).
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Proof [AGS]. Let u € AC([a,b]; X). Since uljsy € AC([s,t]; X) fora < s <t < b, it is
sufficient to show that if (|0¢|ou) - || € L'(a,b), then ¢ o u € AC]a, b] and (A4.2) holds.
First we show that (A4.2) is a consequence of ¢ ou € ACla,b]. Let

A:={t € (a,b) : ¢ ou is differentiable at ¢ and |u|(t) exists}.

We observe that (a,b) \ A has measure zero. Let ¢t € A and without loss of generality we
may assume (¢ou)’(t) # 0. Therefore, when s € A\ {t} belongs to a suitable neighborhood
of t, we have d(u(t),u(s)) > 0, pou(t) — powu(s) > 0 if either (pou)'(t) >0 and t > s or
(pou)(t) <0 and t <s. Consequently, if (¢ ou)'(t) > 0 then

I pou(t) —pou(s) du(t),u(s))

(@ow = @onf ) == mumy s
goult) —douls) . diuft).u(s) .
< Ty ey e < ) i)

and if (¢ o u)'(t) < 0 then

(60u0] = ~(0ou® =t 2 rregied ST < loaut) - il

This establishes (A4.2) under the assumption ¢ o u € ACla, b].

Next we assume |0¢|(u) - |4] € Ll(a b) and prove that ¢ ou € AC[a, b]. We recall that
if (X, d) is a metric space and ¢ : X — (—o0, +00] is proper, then the global slope of ¢
at ¥ € X, denoted by |8¢g|( T), is defined by

i o it X = {7}
00| (z) = sup (¢(5)N— ¢@)> otherwise.
y#T d(z,y)

Clearly |8$g\(f) > |8¢|(Z) (local slope). We also recall that if ¢ is Ls.c. then |8$g| is also
ls.c. Indeed, if X is not a singleton, z,y € X with x # y, z, € X, n > 1, such that
lim d(xn, z) =0, then z,, # y for n large enough and therefore

n—oo

e (@) = @) (6@ - @)
T |0,|(70) 2 lim ==gm = 2 e

The lower semicontinuity follows by taking the supremum over all 3 € X.

Next we choose X := u([a, b)), d = d and observe that ()Z' ,07) is a compact metric
space. Moreover, we define u(t) := u(t), ¢ € [a,b] and 5(”“) $(7), T € X. Clearly ¢ is
proper, Ls.c., i € AC([a,b]; X) and ¢ ou € AC[a, b] iff po € ACla, b].

Now, let o be as in assumption (H;) for ¢ and let D := diam X. We have for 7 € X,

o(7) — (y) ||
00](@ <225(W 13.5) + 5



By Proposition 4.2, we obtain

0,]() < 1931(®) + 2 D,

hence .
96,|(®) < |9¢] @) + 5 D.
Therefore
|06, |(T(t)) < |00|(T(t)) + %‘ D = |0¢|(u(t)) + Bﬂ D
Since |ul(t) ‘ } , we have
100, | (@(1)) ] () < 06| (ult))|al () + ';i‘ [il(t), ace. in (a,b).

Noticing that }GQNSQ} ow is L.s.c., we have by using the assumption on u that (|8aNSg| Oﬂ) . ‘ﬂ‘ €
L'(a,b).

We observe that by using the space X we can assume without loss of generality that
in the assumption on u the local slope can be replaced by the global one. In order to
simplify the notation we shall replace X, ¢, u,d by X, ¢, u,d. Next we recall that if u €
AC([a,b]; X) and o(t) := V(u;[a,t]), t € [a,b], then o : [a,b] — [0,00) is nondecreasing,
absolutely continuous. Setting L := o(b), we define 7(s) := min{t € [a,b] : o(t) = s}
for s € [0, L]. Then 7 : [0, L] — [a,b] is nondecreasing, left continuous. Setting u(s) :=
u(7(s)), s € [0, L], we have (see [AGS], Lemma 1.1.4, arc-length parametrization)

u=uoo, wue€Lip([0,L];X) and [u]Lp <1

We have pou = ¢po(uoo) = (pou)oo. Setting p := ¢ ou we have pou = poo.
Therefore since ¢ is nondecreasing and absolutely continuous, ¢ o u € AC|[a, b] provided
¢ € ACla, b]. Since ¢ is Ls.c. and w € Lip([0, L]; X), ¢ is Ls. c

Next we show that ¢ is absolutely continuous. Set g¢(s }a¢g} ), s € [0, L].
Then g is L.s.c. and for 0 < s1,80 < L

(¢(s1) — 90(82))+ < g(s1)d(u(s1),u(s2)) < g(s1)|s2 — s1].
It follows that
(A4.3) lp(s1) — @(s2)] < max(g(s1),g(s2))|s1 —s2|, 0 <s1,80 < L.

Moreover,

/OLg(s)dsz/abg( ()) t)dt = /\&bg (o o)(t)|u|(t)dt = /‘a% )| (t) dt

is finite. Hence g € L'(a,b).
One concludes the proof by showing as in [AGS, p. 29] that a function ¢ : [0, L] — R
which is Ls.c. and satisfies (A4.3) with g € L'(a,b) is absolutely continuous. O
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